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G|qdplf Frpprq Djhqf|
Glun Ehujhpdqq_

Mxxvr Yçolpçnlh

Qryhpehu 4<<;

Devwudfw
Zh frqvlghu d jhqhudo prgho ri g|qdplf frpprq djhqf| zlwk v|pphw0
ulf lqirupdwlrq1 Zh irfxv rq Pdunry shuihfw htxloleuld dqg fkdudfwhul}h
wkh htxloleulxp vhw iru d uhqhphqw ri wkh Pdunry shuihfw htxloleuld1
Sduwlfxodu dwwhqwlrq lv jlyhq wr wkh h{lvwhqfh ri d pdujlqdo frqwulexwlrq
htxloleulxp zkhuh hdfk sulqflsdo uhfhlyhv khu frqwulexwlrq wr wkh frdolwlrq
ri djhqw dqg uhpdlqlqj sulqflsdov1 Wkh vwuxfwxuh ri wkh lqwhuwhpsrudo
sd|rv lv dqdo|}hg lq whupv ri wkh rz pdujlqdo frqwulexwlrq1 Dv d e|0
surgxfw/ qhz uhvxowv iru wkh vwdwlf frpprq djhqf| jdph duh rewdlqhg1
Wkh jhqhudo fkdudfwhul}dwlrq uhvxowv duh wkhq dssolhg wr wzr g|qdplf
elgglqj jdphv iru d frpprq djhqw= E pxowl0wdvn doorfdwlrq dqg E mre
pdwfklqj xqghu xqfhuwdlqw|1
Nh|zrugv= Frpprq djhqf|/ g|qdplf elgglqj/ pdujlqdo frqwulex0
wlrq/ pdunry shuihfw htxloleulxp/ frdolwlrq0surri htxloleulxp/ mre pdwfk0
lqj/ pxowl0wdvn doorfdwlrq1
MHO Fodvvlilfdwlrq= G;4/ G;6
W

Zh zrxog olnh wr wkdqn Gdylg Shdufh/ H|do Zlqwhu dqg vhplqdu sduwlflsdqwv dw Fduqhjlh

Phoorq Xqlyhuvlw|/ Froxpeld Xqlyhuvlw|/ Jhrujhwrzq Xqlyhuvlw|/ Qhz \run Xqlyhuvlw|/ PLW/
Xqlyhuvlw| ri Shqqv|oydqld dqg Zduzlfn Xqlyhuvlw| iru khosixo frpphqwv1 Wkh dxwkruv df0
nqrzohgjh vxssruw iurp QVI Judqw VEU <:3<;;: dqg <:3<673 uhvshfwlyho|1
_ Ghsduwphqw ri Hfrqrplfv/ \doh Xqlyhuvlw|/ Qhz Kdyhq/ FW 398530;59;/ X1V1D1/
glun1ehujhpdqqC|doh1hgx1 dqg +ylvlwlqj, Ghsduwphqw ri Hfrqrplfv/ PLW/ Fdpeulgjh/ PD
354751
h

Ghsduwphqw ri Hfrqrplfv/ Qruwkzhvwhuq Xqlyhuvlw|/ Hydqvwrq/ LO 9353;0533</ X1V1D1/

ydolpdnlCqzx1hgx1
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Lqwurgxfwlrq

Frpprq djhqf| uhihuv wr d eurdg fodvv ri sureohpv lq zklfk d vlqjoh lqglylgxdo/
wkh djhqw/ frqwurov d ghflvlrq wkdw kdv frqvhtxhqfhv iru pdq| lqglylgxdov zlwk
glvwlqfw suhihuhqfhv1 Wkh rwkhu dhfwhg sduwlhv/ wkh sulqflsdov/ pd| dwwhpsw wr
lq xhqfh wkh djhqw zlwk sd|phqwv wkdw duh frqwlqjhqw rq wkh dfwlrq fkrvhq e|
wkh djhqw1 Wkh vwdwlf prgho ri frpprq djhqf| xqghu shuihfw lqirupdwlrq zdv
lqwurgxfhg e| Ehuqkhlp dqg Zklqvwrq +4<;9d, dv d prgho ri dq dxfwlrq zkhuh
elgghuv duh vxeplwwlqj d phqx ri rhuv wr wkh dxfwlrqhhu1 Vlqfh wkhq lw jdlqhg
surplqhqfh lq pdq| dssolfdwlrqv/ vxfk dv surfxuhphqw frqwudfwlqj/ prghov ri
srolwlfdo hfrqrp| +Gl{lw/ Jurvvpdq dqg Khospdq +4<<:, ru Gl{lw +4<<9,,/ dv
zhoo dv vwudwhjlf lqwhuqdwlrqdo wudgh +Jurvvpdq dqg Khospdq +4<<7,,1
Wkh remhfwlyh ri wklv sdshu lv wr h{dplqh wkh vwuxfwxuh ri g|qdplf frpprq
djhqf| sureohpv1 Wkh h{whqvlrq ri wkh prgho eh|rqg wkh vwdwlf yhuvlrq lv ri
sduwlfxodu lqwhuhvw iru wkh dssolfdwlrqv deryh1 Srolwlfdo fkrlfhv duh uduho| pdgh
rqo| rqfh/ dqg wkh ixwxuh lpsolfdwlrqv ri d fxuuhqw srolf| duh riwhq pruh lpsru0
wdqw wkdq lwv lpphgldwh uhshufxvvlrqv1 Li wkh srolwlfldq dqg wkh oree|lvwv fdqqrw
frpplw wr ixwxuh dfwlrqv dqg wudqvihuv/ d g|qdplf shuvshfwlyh lv qhhghg1 Vlp0
loduo|/ pdq| surfxuhphqw vlwxdwlrqv lqyroyh vwdjhg ghyhorsphqw zlwk elgglqj
rffxuulqj dw hdfk vwdjh ri wkh surfhvv1
Wkh g|qdplf shuvshfwlyh dovr eurdghqv wkh uhdfk ri frpprq djhqf| prghov1
Frqvlghu iru h{dpsoh d g|qdplf pdwfklqj sureohp zkhuh wkh hpsor|hh zrunv lq
hdfk shulrg iru dw prvw d vlqjoh hpsor|hu/ exw pd| fkdqjh hpsor|huv ryhu wlph1
Lq wkh odqjxdjh ri frpprq djhqf|/ wkh hpsor|hh kdv rqo| rqh sulqflsdo lq hdfk
shulrg/ exw zlwk vshflf ru jhqhudo kxpdq fdslwdo wkh ixwxuh hpsor|huv pd|
kdyh suhihuhqfhv ryhu wkh fduhhu sdwk ri wkh hpsor|hh1 Wkxv wkh lqwhuwhpsrudo
hohphqw lqwurgxfhv d pruh vxewoh dvshfw ri frpprq djhqf| wr wkh mre pdwfklqj
sureohp1
Zh vwduw rxu dqdo|vlv zlwk wkh vwdwlf frpprq djhqf| prgho ri Ehuqkhlp dqg
Zklqvwrq +4<;9d,/ zkr frqfhqwudwhg rq d uhqhphqw ri Qdvk htxloleulxp/ fdoohg
wuxwkixo htxloleulxp1 D vwudwhj| lv vdlg wr eh wuxwkixo uhodwlyh wr d jlyhq dfwlrq
5

li lw uh hfwv dffxudwho| wkh sulqflsdov* zloolqjqhvv wr sd| iru dq| rwkhu dfwlrq
uhodwlyh wr wkh jlyhq dfwlrq1 Iru wkh vwdwlf jdph/ zh vkrz wkdw wkh wuxwkixo
htxloleulxp lv xqltxh li dqg rqo| li wkh pdujlqdo frqwulexwlrqv ri wkh sulqflsdov
wr wkh ydoxh ri wkh judqg frdolwlrq duh zhdno| vxshudgglwlyh1 Zh vkrz wkdw lq
vxfk htxloleuld/ doo sulqflsdov uhfhlyh wkhlu pdujlqdo frqwulexwlrqv dv sd|rv1 Zh
fdoo htxloleuld vdwlvi|lqj wklv surshuw| pdujlqdo frqwulexwlrq htxloleuld1
Pdujlqdo frqwulexwlrq htxloleuld duh sduwlfxoduo| dwwudfwlyh iurp d zhoiduh
srlqw ri ylhz1 Hyhq li wkh dfwxdo jdph lv suhfhghg e| dq h{ dqwh vwdjh zlwk
dfwlrqv wkdw fdqqrw eh frqwudfwhg xsrq/ wkh uhvxowlqj htxloleulxp lq wkh ryhudoo
jdph lv vrfldoo| h!flhqw1 Dv dq h{dpsoh/ rqh pd| wklqn ri d jryhuqphqw djhqf|
fkrrvlqj ehwzhhq wzr vxssolhuv1 Wkh h{ dqwh vwdjh frxog frqvlvw ri dq rssru0
wxqlw| iru rqh ri wkh vxssolhuv wr lqvwdoo d qhz frvw uhgxflqj whfkqrorj|1 Li wkh
frpprq djhqf| jdph idlov wr kdyh vxfk htxloleuld/ wkhq wkh lqfhqwlyhv dw wkh
h{ dqwh vwdjh duh plvvshflhg/ dqg wkh ryhudoo htxloleulxp qhhg qrw eh h!flhqw1
Wkh vhfrqg sduw ri wkh sdshu ghulyhv frqglwlrqv iru wkh h{lvwhqfh ri d pdujlqdo
frqwulexwlrq htxloleulxp lq wkh g|qdplf iudphzrun1 Vlqfh zh dvvxph wkdw wkh
sod|huv odfn frpplwphqw srzhu ryhu shulrgv/ wkh lqwhusod| ehwzhhq wkh sd|rv
uhfhlyhg dw glhuhqw vwdjhv ri wkh jdph ehfrphv lpsruwdqw1
Wr looxvwudwh wkh lvvxhv dulvlqj lq wkh g|qdplf jdph/ frqvlghu wkh iroorzlqj
wzr shulrg h{dpsoh1 Wkh djhqw fdq doorfdwh dq lqglylvleoh xqlw ri wlph lq hdfk
shulrg wr rqh ri wzr srwhqwldo surmhfwv1 Hdfk surmhfw lv rzqhg e| d vhsdudwh
sulqflsdo dqg |lhogv d ydoxh ri rqh wr wkh sulqflsdo li wkh djhqw zrunv iru wkh
surmhfw lq rqh ri wkh shulrgv1 Wkh surmhfw |lhogv qr dgglwlrqdo ydoxh li wkh djhqw
zrunv lq lw iru d vhfrqg shulrg1 Dvvxph wkdw lw lv frvwohvv iru wkh djhqw wr zrun
lq hlwkhu ri wkh surmhfwv/ exw wkdw kh dovr kdv wkh rswlrq ri uhixvlqj wr zrun
lq d jlyhq shulrg1 Zlwk wudqvihudeoh xwlolw|/ h!flhqf| frlqflghv zlwk vxusoxv
pd{lpl}dwlrq dqg wkhuhiruh h!flhqf| uhtxluhv wkdw wkh djhqw zrunv iru rqh
shulrg lq hdfk surmhfw1 Wklv |lhogv dq ryhudoo vrfldo ydoxh ri 51 Wkh pdujlqdo
frqwulexwlrq ri hdfk sulqflsdo +ru khu surmhfw, lv hdvlo| vhhq wr eh 4 dqg wkhuhiruh
wkh vxp ri wkh pdujlqdo frqwulexwlrqv grhv qrw h{fhhg wkh pdujlqdo frqwulexwlrq
ri wkh xqlrq ri wkh wzr sulqflsdov1 Lq rwkhu zrugv/ wkh pdujlqdo frqwulexwlrq lv
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vxshudgglwlyh rq wkh sulqflsdov1 Wklv jdph/ krzhyhu/ idlov wr kdyh d pdujlqdo
frqwulexwlrq htxloleulxp1 Wr vhh wklv/ qrwlfh wkdw wkh djhqw zrxog jhw d sd|r
ri }hur lq dq| vxfk htxloleulxp1 Exw wkh djhqw fdq dozd|v jxdudqwhh d sd|r ri
4 e| qrw zrunlqj lq wkh uvw shulrg1 Lq wklv fdvh/ wkh pdujlqdo frqwulexwlrq ri
erwk upv lv }hur lq wkh vhfrqg shulrg/ dqg wkhuhiruh wkh djhqw zloo uhfhlyh wkh
hqwluh vxusoxv ri 4 e| vwdqgdug Ehuwudqg w|sh dujxphqwv1
Qrwlfh wkdw lq wklv h{dpsoh/ wkh djhqw fdq uhgxfh wkh pdujlqdo frqwulexwlrq
ri erwk djhqwv iurp 4 wr }hur e| qrw zrunlqj lq wkh uvw shulrg1 Wklv uhgxfwlrq lq
pdujlqdo frqwulexwlrqv pruh wkdq rvhwv wkh h!flhqf| orvv ri 4 wkdw ghyldwlqj
iurp wkh h!flhqw sdwk hqwdlov1 Zh vkrz wkdw wkh lqwxlwlrq frplqj iurp wklv
h{dpsoh lv jhqhudo lq wkh vhqvh wkdw d pdujlqdo frqwulexwlrq htxloleulxp h{lvwv
li dqg rqo| li dw hdfk vwdjh wkh zhoiduh orvv iurp fkrrvlqj dq lqh!flhqw dfwlrq
rxwzhljkv d srvvleoh uhgxfwlrq lq ixwxuh pdujlqdo frqwulexwlrqv1
Wkh g|qdplf prgho ri wkh frpprq djhqf| lv irupxodwhg zlwk d jhqhudo
vwdwh vsdfh dqg fdq eh htxdoo| zhoo lqwhusuhwhg dv d ghwhuplqlvwlf ru d vwrfkdvwlf
prgho1 Zh frqfhqwudwh rq wkh Pdunry vwudwhjlhv vlqfh zh zdqw wr vwxg| wkh
hhfwv ri sd|r uhohydqw fkdqjhv rq wkh g|qdplfv ri wkh jdph lq lvrodwlrq iurp
wkh hhfwv fuhdwhg e| frqglwlrqlqj rq sd|r luuhohydqw klvwrulhv1 Lq wkh vslulw
ri Ehuqkhlp dqg Zklqvwrq +4<;9d,/ zh duh sduwlfxoduo| lqwhuhvwhg lq wuxwkixo
Pdunryldq srolflhv1 Zh dovr h{whqg wkh frqfhsw ri d frdolwlrq surri htxloleulxp
wr wkh g|qdplf frqwh{w dqg qrwh wkdw wkh htxlydohqfh uhvxow ehwzhhq wuxwkixo
dqg frdolwlrq surri htxloleuld lq Ehuqkhlp dqg Zklqvwrq +4<;9d, fduulhv ryhu wr
wkh g|qdplf prgho= Wkh vhw ri wkuxwkixo Pdunry Shuihfw htxloleuld lv rxwfrph
htxlydohqw wr wkh vhw ri g|qdplf frdolwlrq0surri Pdunry Shuihfw htxloleuld1
Vlqfh zh duh irfxvlqj rq d ghpdqglqj frqfhsw/ l1h1 wkh pdujlqdo frqwulex0
wlrq htxloleulxp/ lw lv lpsruwdqw wr nqrz wkdw wkh vhw ri jdphv wkdw srvvhvvhv
vxfk dq htxloleulxp lqfoxghv hfrqrplfdoo| lpsruwdqw prghov1 Wr wklv hqg/ zh
dqdo|}h d prgho ri rswlpdo vfkhgxolqj ri wdvnv zkhq wkh uhzdug iurp hdfk wdvn
hyroyhv dffruglqj wr d ghwhuplqlvwlf surfhvv1 Wklv prgho pd| uhsuhvhqw wkh
htxloleulxp xwlol}dwlrq ri dq dvvhw zlwk qlwh fdsdflw|/ vxfk dv d ghsohwlqj qdw0
xudo uhvrxufh/ e| frpshwlqj xvhuv1 Wkh vhfrqg h{dpsoh lv d edvlf mre pdwfklqj
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sureohp ã od Mrydqrylf +4<:<,/ zkhuh d qxpehu ri upv ohduq derxw wkh up
vshflf kxpdq fdslwdo ri d jlyhq zrunhu1 Lq hdfk ri wkhvh fdvhv/ wkh xqltxh
pdujlqdo frqwulexwlrq htxloleulxp lv fkdudfwhul}hg1
Wkhvh wzr h{dpsohv dovr looxvwudwh dq dgglwlrqdo uhdvrq wr eh lqwhuhvwhg lq
wkh h{lvwhqfh ri pdujlqdo frqwulexwlrq htxloleuld1 Lq wkh mre pdunhw h{dpsoh/ iru
lqvwdqfh/ rqh pljkw dujxh wkdw wkh suhvhqw prgho doorzv iru dq xquhdolvwlfdoo|
odujh qxpehu ri srvvleoh wudqvihuv ehwzhhq wkh upv1 Lq sduwlfxodu/ zdjhv sdlg
wr wkh zrunhu zkhq zrunlqj lq d glhuhqw up duh uduho| revhuyhg1 Zh vkrz
wkdw zkhqhyhu d pdujlqdo frqwulexwlrq htxloleulxp h{lvwv lq wkhvh prghov/ d
pdujlqdo frqwulexwlrq htxloleulxp dovr h{lvwv lq d uhodwhg jdph/ zkhuh hdfk
sulqflsdo*v sd|phqw ghshqgv rqo| rq zkhwkhu wkh djhqw zrunhg iru khu1 Zh
vkrz dovr wkdw zkhqhyhu d pdujlqdo frqwulexwlrq htxloleulxp idlov wr h{lvw lq
wkh frpprq djhqf| prgho/ wkh prgho zlwk uhvwulfwhg wudqvihu rssruwxqlwlhv
idlov wr kdyh dq h!flhqw wuxwkixo htxloleulxp1 Wklv jlyhv dq dgglwlrqdo uhdvrq
iru fdxwlrq lq lqwhusuhwlqj wkh h!flhqf| ri htxloleuld wkdw duh qrw pdujlqdo
frqwulexwlrq htxloleuld1
Wkh sdshuv wkdw duh wkh prvw forvho| uhodwhg wr wkh fxuuhqw sdshu duh wkrvh
e| Ehuqkhlp dqg Zklqvwrq +4<;9d,/ Gl{lw/ Jurvvpdq dqg Khospdq +4<<:,/
dqg Odxvvho dqg OhEuhwrq +4<<8,/ +4<<9,1 Rxu sdshu h{whqgv wkh vwdwlf prgho
ri frpprq djhqf| lq Ehuqkhlp dqg Zklqvwrq +4<;9d, wr d g|qdplf vhwwlqj1
Wkh vhfrqg pdmru srlqw ri ghsduwxuh uhodwlyh lv rxu lqvlvwhqfh rq pdujlqdo frq0
wulexwlrqv htxloleuld dv dq lqwhuhvwlqj vroxwlrq frqfhsw lq wklv fodvv ri jdphv1
Dqrwkhu uhfhqw h{whqvlrq ri wkh edvlf prgho ri frpprq djhqf| pd| eh irxqg
lq Gl{lw/ Jurvvpdq dqg Khospdq +4<<:,/ zkhuh wkh dvvxpswlrq ri txdvl0olqhdu
suhihuhqfhv lv gursshg1 Zkhuhdv wkh prwlydwlrq iru wkdw h{whqvlrq lv edvhg
rq frqfhuqv uhodwlqj wr wkh glvwulexwlrq ri wkh sd|rv zlwklq wkh vlqjoh shulrg
ri dqdo|vlv/ rxu prwlydwlrq lv edvhg rq wkh glvwulexwlrq ri sd|rv ehwzhhq wkh
sod|huv ryhu wlph zkhq frpplwphqw lv suhfoxghg1 Wkh zrun e| Odxvvho dqg
OhEuhwrq dqdo|}hv wkh sd|rv uhfhlyhg e| wkh djhqw lq d fodvv ri vwdwlf frpprq
djhqf| jdphv1
Wkh whfkqltxhv ghyhorshg lq wkh sdshu duh wkhq dssolhg wr dq lqwhuwhpsrudo
8

wdvn doorfdwlrq sureohp dqg wr d mre pdunhw pdwfklqj prgho lq wkh vslulw ri
Mrydqrylf +4<:<,1 Zh gr qrw doorz wkh upv wr frpplw wr ixwxuh zdjhv dqg
dv d uhvxow/ zh fuhdwh d jhqxlqh vxusoxv vkdulqj sureohp ehwzhhq wkh upv dqg
wkh zrunhu1 E| frqvlghulqj d pruh jhqhudo iudphzrun wkdq Ihool dqg Kduulv
+4<<9, zkr wuhdw wkh fdvh ri wzr srwhqwldo hpsor|huv/ lw ehfrphv fohdu wkdw
pdujlqdo frqwulexwlrqv htxloleuld duh srvvleoh rqo| li wkh mre shuirupdqfh ri wkh
zrunhu lq rqh up lv hvvhqwldoo| lqghshqghqw iurp wkdw lq rwkhuv1 Lq d uhodwhg
prgho/ Ehujhpdqq dqg Yçolpçnl +4<<9,/ zh dqdo|}hg d gxrsrolvwlf pdunhw iru
h{shulhqfh jrrgv1 Djdlq/ wkh jhqhudo uhvxowv lq wkh fxuuhqw sdshu vkrz wkh
gluhfwlrqv lq zklfk wkh hduolhu zrun pd| eh h{whqghg iuxlwixoo|1
Wkh sdshu lv rujdql}hg dv iroorzv1 Lq Vhfwlrq 5 zh lqwurgxfh wkh frpprq
djhqf| prgho lq lwv g|qdplf yhuvlrq1 Wkh qrwlrq ri pdujlqdo frqwulexwlrq lv
lqwurgxfhg khuh dv zhoo1 Vhfwlrq 6 lqwurgxfhv wkh edvlf uhvxowv iru wkh vwdwlf
prgho ri frpprq djhqf|1 Vhfwlrq 7 suhvhqwv wkh pdlq uhvxowv iru wkh g|qdplf
frpprq djhqf|1 Wkh fkdudfwhul}dwlrq ri wkh wuxwkixo Pdunry Shuihfw htxlole0
ulxp lv jlyhq khuh dqg qhfhvvdu| dqg vx!flhqw frqglwlrqv iru lwv xqltxhqhvv
duh vwdwhg dv zhoo1 Lq Vhfwlrq 8 wkh htxlydohqfh ehwzhhq wuxwkixo dqg g|qdplf
frdolwlrq0surri htxloleuld lv hvwdeolvkhg1 Vhfwlrq 9 looxvwudwhv wkh jhqhudo uhvxowv
zlwk wzr dssolfdwlrqv1 Wkh uvw lv d prgho ri g|qdplf wdvn doorfdwlrq dqg wkh
vhfrqg lv d vwrfkdvwlf mre pdwfklqj prgho1

5

Prgho

514

Sd|rv

Zh h{whqg wkh frpprq djhqf| prgho ri Ehuqkhlp dqg Zklqvwrq +4<;9d, wr
d g|qdplf vhwwlqj1 Wkh vhw ri sod|huv lv wkh vdph lq doo shulrgv/ exw dfwlrqv
dydlodeoh wr wkhp dv zhoo dv sd|rv uhvxowlqj iurp wkh dfwlrqv pd| fkdqjh iurp
shulrg wr shulrg1
Wkh sulqflsdov duh lqgh{hg e| l 5 L @ i4> ===> Lj1 Wlph lv glvfuhwh dqg lv
ghqrwhg e| w @ 3> 4> ===> W / zkhuh W lv qlwh ru lqqlwh1 Wkh djhqw fdq vhohfw lq
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hdfk shulrg dq dfwlrq dw 5 D +kw ,/ zkhuh D +kw , lv d qlwh vhw iru hyhu| kw / dqg
zlwkrxw orvv ri jhqhudolw| q @ mD +kw ,m iru doo kw 1 Hdfk sulqflsdo l rhuv d uhzdug
vfkhph ul +dw > kw , 5 Uq. / zklfk fdq ghshqg rq wkh klvwru| kw dqg wkh dfwlrq dw
fkrvhq e| wkh djhqw lq shulrg w1 Ohw uw / +u4 +> , > ===> uL +> ,,/ d / +d3 > ===> dw > ===,
dqg u / +u3 > ===> uw > ===,1 Wkh ixwxuh lq shulrg w lv wkh vhtxhqfh ri ixwxuh dfwlrqv
+dw > uw , @ +dw.4 > ===> uw.4 > ===,1 Zh ghqrwh e| K +kw , wkh vhw ri doo srvvleoh klvwrulhv
kw.4 zklfk duh dffhvvleoh iurp klvwru| kw / dqg vlploduo| K +dw > kw , wkh vhw ri doo
srvvleoh klvwrulhv kw.4 jhqhudwhg e| kw dqg dw 1
Zh zdqw wkh dfwlrqv lq doo shulrgv wr eh vhtxhqwldoo| udwlrqdo iurp doo sod|huv*
srlqw ri ylhz1 Lq rwkhu zrugv/ zh gr qrw doorz wkh djhqw wr frpplw wr vwulqjv ri
dfwlrqv dqg dffruglqjo|/ fxuuhqw shulrg sd|phqwv ghshqg rqo| rq fxuuhqw shulrg
dfwlrqv1
Wkh vwdjh jdph lv qrw qhfhvvdulo| vwdwlrqdu| dqg wkh wudqvlwlrq pd| eh
ghwhuplqlvwlf ru vwrfkdvwlf1 Wkh sd|r uhohydqw vwdwh ri wkh zruog +lq wkh vhqvh
ri Pdvnlq dqg Wluroh +4<<:,, lq shulrg w lv  w 1 Wkh frvw ri dfwlrq dw lq shulrg w
wr wkh djhqw lv jlyhq e| f +dw > w ,1 Wkh ehqhw wr sulqflsdo l lv yl +dw > w ,/ zklfk
pd| djdlq ghshqg w 1 Wkh vxp ri wkh frqwulexwlrqv e| d vxevhw ri sulqflsdov
V L lv=
uV +dw > kw , /

[
l5V

ul +dw > kw , >

dqg wkh vxp ri wkh ehqhwv lv
yV +dw > w , /

[
l5V

yl +dw >  w , =

Wkh djjuhjdwh ehqhwv duh ghqrwhg e| y +dw > w , / yL +dw > w , dqg wkh djjuhjdwh
uhzdugv vlploduo| e| u +dw > kw , / uL +dw > kw ,1 Zlwkrxw orvv ri jhqhudolw| zh vkdoo
dvvxph wkdw yl +dw > w ,  3 dqg f +dw > w ,  3 iru doo dw dqg w 1 Zh dovr dvvxph
wkh h{lvwhqfh ri d +ghidxow, dfwlrq dw 5 Dw +w , vxfk wkdw f +dw > w , @ 3 iru doo  w 1
Wkh klvwru| ri wkh jdph lv kw / +d3 > ====> dw4 > u3 > ===> uw4 > 3 > ===>  w ,1 Wkh
wudqvlwlrq ixqfwlrq/ t + w.4 mdw > w , lv dvvxphg wr eh Pdunryldq lq wkh vhqvh wkdw
wkh suredelolw| ri wkh sd|r uhohydqw vwdwh ehlqj  w.4 lq shulrg w . 4 ghshqgv
rqo| rq fxuuhqw dfwlrqv/ dw dqg wkh fxuuhqw vwdwh  w 1 Ohw Kw eh wkh vhw ri doo
:

srvvleoh w shulrg klvwrulhv1 Doo djhqwv pd{lpl}h h{shfwhg glvfrxqwhg ydoxh dqg
wkhlu frpprq glvfrxqw idfwru iru ixwxuh shulrgv lv =
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Vrfldo Ydoxhv

Zlwk wudqvihudeoh xwlolw| ehwzhhq wkh djhqw dqg wkh sulqflsdov/ Sduhwr h!flhqf|
frlqflghv zlwk vxusoxv pd{lpl}dwlrq1 Wkh ydoxh ri wkh vrfldoo| h!flhqw surjudp
lv ghqrwhg e|
Z + w , / ZL +w , >
dqg wkh ydoxh ri wkh h!flhqw surjudp zlwk d vxevhw V ri sulqflsdov dqg wkh
djhqw lv ghqrwhg e| ZV + w ,1 Wkhvh ydoxhv duh rewdlqhg iurp d idploldu g|qdplf
surjudpplqj htxdwlrq=
ZV +w , @ pd{ H iyV +dw >  w ,  f +dw > w , . ZV +w.4 ,j =
dw 5D+w ,

Vlploduo| wkh ydoxh ri d vhw ri upv LqV lv ghqrwhg e| ZV +w ,1 Lq wklv jdph/ lw
lv uhodwlyho| hdv| wr dvvljq ydoxhv wr frdolwlrqv rwkhu wkdq wkh judqg frdolwlrq1 Lq
doo ri wkh ydoxh fdofxodwlrqv/ zh lqfoxgh wkh djhqw lq wkh frdolwlrq ri sulqflsdov
xqghu vwxg|1 Wkh h{foxghg vhw ri sulqflsdov fdqqrw dhfw wkh ydoxh wr wkh
frdolwlrq xqghu vwxg| dqg wkxv zh dyrlg vrph ri wkh xvxdo sureohpv lq qglqj
wkh fkdudfwhulvwlf ixqfwlrq ri d qrupdo irup jdph1
Wkh pdujlqdo frqwulexwlrq ri sulqflsdo l lv jlyhq e|
Pl + w , / Z +w ,  Zl +w , =

+4,

Wkh pdujlqdo frqwulexwlrq ri d vxevhw ri sulqflsdov V  L wr wkh ydoxh ri wkh
surjudp lv ghqhg e|=
PV + w , / Z +w ,  ZV +w , =

+5,

Lq zrugv/ wkh pdujlqdo frqwulexwlrqv ri dq lqglylgxdo sulqflsdo ru ri d frdolwlrq
ri sulqflsdov phdvxuh wkh lqfuhdvh lq wkh wrwdo ydoxh ri wkh judqg frdolwlrq iurp
dgglqj d sduwlfxodu sulqflsdo ru d frdolwlrq ri sulqflsdov uhvshfwlyho|1

;

6

Vwdwlf Frpprq Djhqf|

Wklv vhfwlrq suhvhqwv wkh htxloleulxp frqfhsw dqg qhz fkdudfwhul}dwlrq uhvxowv
iru wkh vwdwlf frpprq djhqf| jdph1 Wkh edvlf prgho dqg wkh htxloleulxp
qrwlrqv zhuh uvw lqwurgxfhg e| Ehuqkhlp dqg Zklqvwrq +4<;9d,1
D vwudwhj| iru sulqflsdo l lv d uhzdug ixqfwlrq ul = D $ U. e| zklfk wkh
sulqflsdo rhuv d uhzdug wr wkh djhqw frqwlqjhqw rq wkh dfwlrq fkrvhq e| klp1
Wkh qhw ehqhw iurp dfwlrq d wr sulqflsdo l lv ql +d, / yl +d,  ul +d,1 Wkh
yhfwru ri qhw ehqhwv lv q +d, @ +q4 +d, > ===> qL +d,, dqg wkh djjuhjdwh ehqhwv
S
iru d vxevhw V lv qV +d, @ l5V ql +d,1 Wkh qhw ehqhw wr wkh djhqw lv jlyhq e|
u +d,  f +d,1
Ghqlwlrq 4 +Ehvw uhvsrqvh,
41 Dq dfwlrq d
 lv d ehvw uhvsrqvh wr wkh uhzdugv u +, li
d
 5duj pd{ u +d,  f +d, =
d5D

51 D uhzdug ixqfwlrq ul +, lv ehvw uhvsrqvh wr wkh uhzdugv ul +,/ li wkhuh grhv
qrw h{lvw dqrwkhu uhzdug ixqfwlrq ual +, dqg dfwlrq d
a vxfk wkdw
yl +a
d,  ual +a
d, A yl +d,  ul +d,
zkhuh d dqg d
a duh ehvw uhvsrqvhv wr +ul +, > ul +,, dqg +a
ul +, > ul +,, uh0
vshfwlyho|1
Ghqlwlrq 5 +Qdvk htxloleulxp, D Qdvk Htxloleulxp ri wkh frpprq djhqf|
jdph lv dq q0wxsoh ri uhzdug ixqfwlrqv iul +,jLl@4 dqg dq dfwlrq d v1 wk1 ul +,

dqg d duh ehvw uhvsrqvhv1

Ghqlwlrq 6 +Pdujlqdo Frqwulexwlrq htxloleulxp, D Pdujlqdo Frqwulex0
wlrq Htxloleulxp ri wkh frpprq djhqf| jdph lv d Qdvk Htxloleulxp zkhuh
ql +d , @ Pl iru doo l=

Ehuqkhlp dqg Zklqvwrq vxjjhvwhg wkdw wkh irfxv eh sxw rq d vxevhw ri
wkh Qdvk htxloleuld zkhuh doo vwudwhjlhv vdwlvi| dq dgglwlrqdo uhvwulfwlrq/ fdoohg
<

wuxwkixoqhvv lq Ehuqkhlp dqg Zklqvwrq +4<;9d,1 Lq dgglwlrq/ wkh| vkrzhg wkdw
wkh vhw ri wkuxwkixo htxloleuld lv rxwfrph htxlydohqw zlwk wkh vhw ri frdolwlrq0
surri htxloleuld1 Lq wklv vhfwlrq/ zh vkdoo uhvwulfw rxuvhoyhv wr wkh glvfxvvlrq ri
wkh wkuxwkixo htxloleuld dqg uhihu wkh uhdghu wr Ehuqkhlp dqg Zklqvwrq +4<;9e,
dqg Ehuqkhlp/ Shohj dqg Zklqvwrq +4<;:, iru uhvxowv rq wkh htxlydohqfh ehwzhhq
wkh wzr vroxwlrq frqfhswv1 Lq vhfwlrq 8/ zh wdnh xs wklv htxlydohqfh djdlq lq wkh
g|qdplf prgho1
Ghqlwlrq 7 +Wuxwkixo vwudwhj|,
41 D uhzdug ixqfwlrq ul +, lv vdlg wr eh wkuxwkixo uhodwlyh wr d3 li dqg rqo| li
iru doo d 5 D/ hlwkhu
+d, ql +d, @ ql +d3 , > ru/
+e, ql +d, ? ql +d3 ,/ dqg ul +d, @ 31
r
q
51 Wkh vwudwhjlhv iul +,jLl@4 > d duh vdlg wr eh d Wuxwkixo Qdvk Htxloleulxp
li dqg rqo| li lw lv d Qdvk Htxloleulxp dqg iul +,jLl@4 duh wuxwkixo vwudwhjlhv

uhodwlyh wr d 1

D wuxwkixo vwudwhj| e| sod|hu l uh hfwv dffxudwho| wkh uhodwlyh ydoxh ri wzr
dfwlrqv wr l xqohvv wkh qrqqhjdwlylw| frqvwudlqw rq wkh uhzdug ixqfwlrq lv elqg0
lqj1 Wkh vhw ri Wuxwkixo Qdvk Htxloleulxp fdq wkhq eh fkdudfwhul}hg e| d vhw ri
lqhtxdolwlhv/ uhodwlqj wkh vrfldo ydoxh ri wkh judqg frdolwlrq wr wkh vrfldo ydoxh
ri vpdoohu frdolwlrqv1 Ehuqkhlp dqg Zklqvwrq +4<;9e, vkrz wkdw wkh vhw HL ri
htxloleulxp qhw sd|rv iru wkh sulqflsdov lv ghvfulehg e|

;
<

@
?

+l,
;V

L>
q

Z

Z
V
V
HL @ q 5 UL 
=
=
 +ll, q  q3 > iru doo q3 vdwlvi|lqj +l, 1 >

+6,

Qrwh wkdw zh duh qrw lqfoxglqj wkh vwdwh yduldeoh w dv dq dujxphqw iru Z dqg
ZV vlqfh zh duh dqdo|}lqj wkh vwdwlf prgho iru wkh prphqw1 Qh{w zh suhvhqw
wzr htxlydohqw frqglwlrqv iru wkh xqltxhqhvv ri wkh wuxwkixo htxloleulxp1
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Wkhruhp 4 +Xqltxhqhvv,
41 Wkh wuxwkixo htxloleulxp lv xqltxh l
;V  L>

[
l5V

Pl  PV =

+7,

51 Wkh xqltxh wuxwkixo htxloleulxp lv d pdujlqdo frqwulexwlrq htxloleulxp1
61 D vx!flhqw frqglwlrq iru xqltxhqhvv lv wkdw PV lv vxshudgglwlyh=
;V> W> V _ W @ >> PV . PW  PV^W =

+8,

Surri1 Vhh Dsshqgl{1
Frqglwlrq +7, uhtxluhv wkdw wkh vxp ri wkh pdujlqdo frqwulexwlrqv ri hdfk
up l 5 V wr L lv ohvv wkdq wkh pdujlqdo frqwulexwlrq ri wkh hqwluh vhw V wr
L1 Frqglwlrq +7, lv uhihuuhg wr dv zhdno| vxshudgglwlyh1 Wkh vxshudgglwlylw|
frqglwlrq +8, lv d vx!flhqw frqglwlrq iru +7, dqg lw djuhhv zlwk +7, li mLm @ 51
Zh kdyh wkh iroorzlqj fruroodu| uhodwlqj wuxwkixo htxloleuld wr vwurqj htxloleuld14
Fruroodu| 4 Li wkh wuxwkixo htxloleulxp lv xqltxh/ wkhq lw lv dovr d vwurqj htxl0
oleulxp1
Odxvvho dqg OhEuhwrq +4<<8, dovr frqvlghu wkh vwuxfwxuh ri wkh htxloleulxp
sd|rv lq wkh vwdwlf frpprq djhqf|1 Wkh pdlq remhfwlyh ri wkhlu sdshu lv wr
ghwhuplqh frqglwlrqv xqghu zklfk wkh djhqw grhv qrw uhfhlyh srvlwlyh uhqwv lq
htxloleulxp1 Wkh| dovr suhvhqw wkh iroorzlqj vx!flhqw frqglwlrq iru wkh xqltxh0
qhvv ri wkh wuxwkixo htxloleulxp= Li wkh vrfldo ydoxhv duh vwurqjo| vxedgglwlyh/
l1h1 ;V> W  L/ vxfk wkdw V _ W @ >/
Z  ZV . ZW  Z+V^W , >
wkhq wkh wuxwkixo htxloleulxp lv xqltxh1 Lw fdq eh yhulhg wkdw wkh vwurqj vxe0
dgglwlylw| ri wkh vrfldo ydoxhv lv lghqwlfdo wr wkh vxshudgglwlylw| ri wkh pdujlqdo
frqwulexwlrqv dv vwdwhg lq Sursrvlwlrq 41 D vx!flhqw frqglwlrq iru erwk lq wxuq
4 Vhh

Dxpdqq +4<8<, iru wkh ghqlwlrq ri vwurqj htxloleulxp1
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lv wkh frqfdylw| ri wkh vrfldo ydoxhv/ zklfk lv ghqhg dv iroorzv= ;V> W  L vxfk
wkdw V  W dqg l 5
@ W/
ZW ^l  ZW  ZV^l  ZV 1
Wkh iroorzlqj h{dpsoh vkrzv wkdw vwurqjo| vxedgglwlyh lv d vwurqjhu frqglwlrq
wkdq zhdn vxshudgglwlylw| ri wkh pdujlqdo frqwulexwlrqv=
d4
f +,

d5

d6

6 6 5

y4 +, 3

6

6

y5 +, 7

6

3

y6 +, 7

6

6

+9,

Wkh h{dpsoh vdwlvhv zhdn vxshudgglwlylw| ri wkh pdujlqdo frqwulexwlrqv/ exw
idlov vxshudgglwlylw| dv P5 . P46 A Z / dv zhoo dv P6 . P45 A Z 1

7

G|qdplf Frpprq Djhqf|

Wkh htxloleulxp ri wkh g|qdplf frpprq djhqf| jdph lv ghqhg lq Vxevhfwlrq
7141 Wkh jhqhudo fkdudfwhul}dwlrq lv jlyhq lq Vxevhfwlrq 715/ zkhuh wkh qrwlrq ri
pdujlqdo frqwulexwlrq lq wkh g|qdplf vhwwlqj lv h{soruhg lq vrph ghwdlo1 Qhfhv0
vdu| dqg vx!flhqw frqglwlrqv iru wkh xqltxhqhvv ri wkh wuxwkixo htxloleulxp duh
jlyhq lq Vxevhfwlrq 7161
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Wuxwkixo Htxloleulxp

Lq wkh g|qdplf jdph/ d uhzdug vwudwhj| iru sulqflsdo l lv d vhtxhqfh ri pdsslqjv
ul = Dw  Kw $ Uq.
zklfk dvvljqv wr hyhu| srvvleoh dfwlrq dw 5 Dw ri wkh djhqw d qrqqhjdwlyh uhzdug/
srvvleoh frqwlqjhqw rq wkh hqwluh sdvw klvwru| ri wkh jdph1 D vwudwhj| e| wkh
djhqw lv d vhtxhqfh ri dfwlrqv ryhu wlph
d = Uq.  Kw $ Dw
45

zklfk ghshqg rq wkh djjuhjdwh uhzdug lq shulrg w dqg klvwru| xqwlo shulrg w1 Li
wkh vwudwhjlhv gr qrw ghshqg rq wkh hqwluh klvwru| ri wkh jdph/ exw rqo| rq wkh
vwdwh w / wkhq wkh vwudwhjlhv duh fdoohg Pdunry vwudwhjlhv1 Lqghhg lq wkh iroorzlqj
wkh htxloleulxp dqdo|vlv lv uhvwulfwhg wr vwudwhjlhv zklfk duh frqwlqjhqw rqo| rq
wkh sd|r0uhohydqw klvwru| ri wkh frpprq djhqf| jdph1 Wkh uhdvrq iru wklv
prgholqj fkrlfh lv wzrirog1 Iluvw/ zh zdqw wr vwxg| wkh hhfwv ri fkdqjhv lq wkh
sd|r uhohydqw vwdwhv ri wkh zruog lq lvrodwlrq iurp wkh sxuho| vwudwhjlf hhfwv
wkdw dulvh iurp frqglwlrqlqj rq d sd|r luuhohydqw sdvw1 Vhfrqg/ li wkh wudqvihuv
ehwzhhq hdfk sulqflsdo dqg wkh djhqw duh qrw revhuydeoh wr rxwvlghuv/ lw pd|
eh kdug wr qg frqwlqxdwlrq sd|rv wkdw doorz iru d ulfkhu ghshqghqfh rq wkh
sdvw1 Lq Ehujhpdqq dqg Ydolpdnl +4<<;,/ zh vkrz wkdw lq d uhshdwhg g|qdplf
frpprq djhqf| jdph zlwk wudqvihuv wkdw duh qrw revhuydeoh wr rxwvlghuv/ rqo|
Pdunryldq htxloleuld/ l1h1 uhshwlwlrqv ri vwdjh jdph vxuylyh dv wuxwkixo htxloleuld
lq wkh uhshdwhg jdph1 Khqfh wkh uhvwulfwlrq wr Pdunryldq vwudwhjlhv pd| eh vhhq
dv d vlpsoh prgho |lhoglqj wkh vdph uhvwulfwlrqv dv d pruh frpsolfdwhg prgho
zlwk lpshuihfw revhuydelolw|1
Wkh h{shfwhg glvfrxqwhg sd|r zlwk d klvwru| kw iru d jlyhq vhtxhqfh ri
uhzdug srolflhv u dqg dfwlrq surohv d lv ghqrwhg e| Y3 +kw , iru wkh djhqw dqg
Yl +kw , iru sulqflsdo l1 Zkhq d dqg u duh Pdunry srolflhv/ wkhq wkh ydoxhv duh
jlyhq Y3 + w , dqg Yl +w , li wkh vwdwh lv  w lq shulrg w1 Lq wklv frqwh{w HYl +dw > w ,
uhsuhvhqwv wkh h{shfwdwlrq ri wkh frqwlqxdwlrq ydoxh lq shulrg w . 4 li lq shulrg
w wkh dfwlrq zdv dw dqg wkh vwdwh zdv w 1 Zkloh wkh wudqvlwlrq iurp w wr  w.4
pd| eh vwrfkdvwlf/ zh vkdoo rplw wkh h{shfwdwlrqv rshudwru H ^` iru vlpsolflw|
dqg doo ydoxhv duh khqfhiruwk xqghuvwrrg wr uhsuhvhqw h{shfwhg ydoxhv1
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Ghqlwlrq 8 +Pdunry Shuihfw Htxloleulxp,

Wkh vwudwhjlhv iul +dw > w ,jl5L dqg d +u +, >  w , irup d Pdunry Shuihfw Htxlole0
ulxp +PS H, li
41 ; w > ;u +, > d +u +, > w , lv d vroxwlrq wr
pd{ iu +dw >  w ,  f +dw > w , . Y3 +dw > w ,j >

dw 5Dw

51 ;l> ;w / wkhuh lv qr rwkhu uhzdug ixqfwlrq ual +dw > w , vxfk wkdw
dw > w ,  ual +a
dw > w , . Yl +a
dw >  w , A yl +dw > w ,  ul +dw > w , . Yl +dw >  w , >
yl +a

 l +, dqg ual +, > u l +,
a duh ehvw uhvsrqvh dfwlrqv wr ul +, > u
zkhuh d dqg d
uhvshfwlyho|1
Wuxwkixo vwudwhjlhv duh ghqhg dv lq wkh vwdwlf jdph e| wkh surshuw| wkdw wkh|
uh hfw fruuhfwo| hdfk sulqflsdo*v qhw zloolqjqhvv wr sd|1 Wkh pdmru glhuhqfh wr
wkh vwdwlf ghqlwlrq lv wkdw wkh doorfdwlrq uhodwlyh wr zklfk wuxwkixoqhvv lv ghqhg
lv qrz dq dfwlrq dw dqg d vwdwh w 1 Wkh lqwhuwhpsrudo qhw ehqhw ql +dw > w , ri
dq doorfdwlrq dw lq wkh vwdwh w lv wkh rz ehqhw yl +dw > w ,  ul +dw >  w , dqg wkh
frqwlqxdwlrq ehqhw Yl +dw > w ,=
ql +dw > w , / yl +dw > w ,  ul +dw > w , . Yl +dw > w , 1

+:,

Zlwk wklv h{whqvlrq wr wkh g|qdplf iudphzrun/ wkh ghqlwlrq ri d wuxwkixo
+Pdunry, vwudwhj| dqg dq dvvrfldwhg PSH lq wuxwkixo vwudwhjlhv lv lpphgldwh1
Ghqlwlrq 9 +Wuxwkixo +Pdunry, vwudwhj|,
41 D uhzdug ixqfwlrq ul +dw > w , lv vdlg wr eh wkuxwkixo uhodwlyh wr +d>  w , li dqg
rqo| li iru doo dw 5 D +w ,/ hlwkhu
+d, ql +dw > w , @ ql +d>  w , > ru/
+e, ql +dw > w , ? ql +d>  w ,/ dqg ul +dw > w , @ 31
51 Wkh vwudwhjlhv iul +,jLl@4 dqg d +u +, > w , duh vdlg wr eh d Pdunry Shuihfw
Htxloleulxp lq wuxwkixo vwudwhjlhv li dqg rqo| li lw lv d Pdunry Shuihfw
htxloleulxp dqg iul +,jLl@4 duh wuxwkixo vwudwhjlhv uhodwlyh wr d +,1
47
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Fkdudfwhul}dwlrq

Wkh fkdudfwhul}dwlrq ri wkh vhw ri wuxwkixo htxloleuld uholhv dv lq wkh vwdwlf prgho
rq wkh pdujlqdo frqwulexwlrq ri hdfk sulqflsdo1 Wkh pdujlqdo frqwulexwlrq ri
sulqflsdo l lv/ dv ghqhg hduolhu/
Pl + w , @ Z +w ,  Zl +w , =

+;,

Lw fdq eh ghfrpsrvhg lqwr wkh rz dqg wkh ixwxuh frqwulexwlrq dorqj wkh h!flhqw
sdwk=
Pl + w , @ pl +w , . Pl +d> w , =

+<,

Khuh Pl +d> w , lv wkh pdujlqdo frqwulexwlrq lq shulrg w.4/ zklfk ghshqgv rq wkh
vwdwh w dqg wkh h!flhqw dfwlrq d lq shulrg w1 Wkh vrfldoo| rswlpdo doorfdwlrq lq
vwdwh w lv ghqrwhg e| d / dL li wkh vhw L ri sulqflsdov lv suhvhqw/ dqg e| dV li
rqo| d vxevhw LqV ri sulqflsdov sduwlflsdwh lq wkh jdph1 Dv wkh ixwxuh pdujlqdo
frqwulexwlrq lv jlyhq e|
Pl +d> w , @ Z +d> w ,  Zl +d>  w , >
zh fdq lghqwli| wkh rz frqwulexwlrq e| +;, dqg +<, dv=
pl + w , @ +y +d>  w ,  f +d>  w ,,  +yl +dl >  w ,  f +dl > w ,,

+43,

.Zl +d>  w ,  Zl +dl > w , =
Wkh rz frqwulexwlrq pl +w , fdq eh ghfrpsrvhg lqwr wzr hohphqwv1 Wkh uvw
frpsrqhqw lv wkh glhuhqfh lq wkh vrfldo rzv jhqhudwhg e| wkh lqwhuwhpsrudoo|
rswlpdo dfwlrq uhodwlyh wr L dqg Lq ilj/ uhvshfwlyho|11 Wkh vhfrqg frpsrqhqw
uh hfwv wkh lqwhuwhpsrudo dvshfw1 Dfwlrq d e| wkh djhqw wrgd| suhfoxghv dfwlrq
dl zklfk lv pruh idyrudeoh wr Lq ilj1 Wkh h{whqw wr zklfk wklv dhfwv wkh
ixwxuh sd|rv wr Lq ilj lv uh hfwhg e| Zl +dl > w ,  Zl +d> w , zklfk kdv
wr eh dwwulexwhg wr wkh rz frqwulexwlrq ri l wrgd|/ vlqfh wkh frdolwlrq Lq ilj
zloo qrw eh deoh wr uhfryhu wklv glhuhqfh lq wkh ixwxuh1 Wkh rz frqwulexwlrq
pl + w , lv qrw lghqwlfdo wr wkh frqwulexwlrq ri l zhuh zh wr frqvlghu wr dgg ru
uhpryh l rqo| lq shulrg w1
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Li wkh rswlpdo dfwlrq lq vwdwh  w lv lqghshqghqw ri wkh suhvhqfh ri sulqflsdo
l lq wkh hqwluh jdph dqg d @ dl / wkhq pl +w , uhgxfhv wr
pl +w , @ yl +d>  w , =

+44,

Lq frqwudvw/ li wkh dgglwlrq ri l lq xhqfhv wkh h!flhqw doorfdwlrq dqg d 9@ dl /
wkhq
+yl +d>  w ,  f +d>  w ,,  +yl +dl > w ,  f +dl > w ,,
.Zl +d> w ,  Zl +dl > w , ? 3>
dqg lw iroorzv wkdw
pl +w , ? yl +d>  w , 1

+45,

Lqhtxdolw| +45, vwdwhv wkdw li wkh dgglwlrq ri sulqflsdo l ohdgv wr d fkdqjh lq
wkh dfwlrq uhodwlyh wr wkh rswlpdo dfwlrq zlwk wkh vhw ri sulqflsdov Lq ilj/ wkhq
wkh rz frqwulexwlrq ri l lv ohvv wkdq wkh jurvv ehqhw wr sulqflsdo l/ yl +d>  w , >
iurp dfwlrq d1 Lw lv hdv| wr h{whqg wkh fkdudfwhul}dwlrq ri wkh rz pdujlqdo
frqwulexwlrq lq +43, iru V @ ilj wr dq| odujhu vxevhw V ri sulqflsdov/ ru
pV +w , @ +y +d> w ,  f +d> w ,,  +yV +dV > w ,  f +dV > w ,,

+46,

.ZV +d>  w ,  ZV +dV > w , =
Wkh uhodwlrqvkls ehwzhhq wkh rz pdujlqdo frqwulexwlrq pV +w , dqg wkh rz
sd|r yV +d> w , lv dqdorjrxv wr wkh rqh ghulyhg iru wkh lqglylgxdo sulqflsdo l lq
+44, dqg +45,=
pV +w , @ yV +d> w , / d @ dV >
pV +w , ? yV +d> w , / d 9@ dV 1
Wkh vrfldo ydoxh zklfk d vhw V ri sulqflsdov fdq dfklhyh lq htxloleulxp lv olplwhg
e| wkh ydoxh zklfk wkh frpsohphqwdu| vhw LqV fdq uhdol}h e| lwvhoi1 Lq wkh vwdwlf
zruog wklv ydoxh zdv dfklhyhg e| vhohfwlqj wkh dfwlrq dV zklfk pd{lpl}hv wkh
rz sd|rv yV +d,  f +d, wr wkh uhpdlqlqj sulqflsdov LqV lq frqmxqfwlrq zlwk
wkh djhqw1 Lq wkh g|qdplf vhwwlqj/ wkh vhw LqV fdqqrw frpplw lwvhoi wr h{foxgh
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wkh sduwlflsdwlrq ri wkh vhw V iruhyhu1 Exw wkh vhw LqV fdq vhhn wr pd{lpl}h
wkh mrlqw sd|r
[
l5V
@

+yl +dw > w , . Yl +dw >  w ,,  f +dw > w , . Y3 +dw > w ,

iru jlyhq htxloleulxp frqwlqxdwlrq sd|rv Yl +dw > w , lqgxfhg e| vhohfwlqj dfwlrq
dw lq shulrg w1 Wr wklv hhfw/ zh ghqh Z + w mdw , wr eh wkh vrfldo ydoxh ri wkh
surjudp zklfk vwduwv zlwk dq duelwudu| dqg qrw qhfhvvdulo| h!flhqw dfwlrq dw /
exw wkhuhdiwhu fkrrvhv dq lqwhuwhpsrudoo| rswlpdo dfwlrq suroh1 Vlploduo|/ ohw
Pl +w mdw , @ Z +w mdw ,  Zl +w mdw , =
Wkh qh{w wkhruhp vkrzv wkdw dq| wuxwkixo htxloleulxp kdv wr eh h!flhqw1
Vlqfh wkh htxloleulxp frqwlqxdwlrq sod| lv dovr h!flhqw/ wkh ydoxh ri wkh vxevhw
LqV lv pd{lpl}hg dorqj wkh htxloleulxp sdwk e| vhohfwlqj dw vr dv wr vroyh
,
+
[
pd{ Z +w mdw ,  yV +dw > w , 
Yl +dw >  w , =
+47,
dw

l5V

Dv d uhvxow/ wkh pd{lpdo ydoxh wkh vhw V ri sulqflsdov fdq h{wudfw iurp wkh
uhpdlqlqj sod|huv lv jlyhq e| wkh glhuhqfh ehwzhhq Z +w , dqg wkh pd{lpdqg
ri +47,1 Li wkh phpehuv ri V zhuh uhfhlylqj pruh wkdq wkh glhuhqfh/ wkhuh
zrxog eh d frdolwlrqdo ghyldwlrq dydlodeoh iru LqV1 Vlqfh zh kdyh {hg wkh
frqwlqxdwlrq sod|/ zh fdq dsshdo wr wkh htxlydohqfh uhvxow ehwzhhq frdolwlrq
surri htxloleuld dqg wuxwkixo htxloleuld lq Ehuqkhlp dqg Zklqvwrq +4<;9d, wr
rewdlq wkh vdph uhvwulfwlrq iru wuxwkixo htxloleuld1 Wkh qhw ydoxh qV +w , ri wkh
vhw V ri sulqflsdov lq wuxwkixo htxloleulxp pxvw wkhq vdwlvi|=
,
+
[
qV +w ,  Z +w ,  pd{ Z +w mdw ,  yV +dw >  w , 
Yl +dw > w , =
dw

l5V

Wkh pd{lpdo ydoxh qV + w , zklfk fdq eh vhfxuhg e| frdolwlrq V fdq eh uhodwhg wr
lwv pdujlqdo frqwulexwlrq lq shulrg w dqg lwv htxloleulxp frqwlqxdwlrq ydoxhv lq
shulrg w . 41 E| uhodwlqj wkh htxloleulxp frqwlqxdwlrq ydoxhv Yl + w , uhfxuvlyho|
wr wkh pdujlqdo frqwulexwlrqv Pl +w ,/ zh rewdlq wkh iroorzlqj=

4:

Wkhruhp 5 +H!flhqf|,
41 Doo Pdunry htxloleuld lq wuxwkixo vwudwhjlhv duh h!flhqw1
51 Iru doo l dqg V/

[
l5V

Yl +w ,  PV + w , =

+48,

Surri1 Vhh Dsshqgl{1
Wkh htxloleulxp fkdudfwhul}dwlrq lq wkh vwdwlf jdph shuplwwhg dq dgglwlrqdo
uhvxow uhodwlqj wkh htxloleulxp sd|rv wr wkh pdujlqdo frqwulexwlrqv1 Qdpho|/
iru doo l/ wkhuh lv d vhw V> zlwk l 5 V vxfk wkdw wkh mrlqw htxloleulxp sd|r ri
wkh vhw V ri sulqflsdov htxdov wkhlu pdujlqdo frqwulexwlrq/ ru
[
l5V

Yl @ PV =

Wklv orzhu erxqg rq wkh htxloleulxp sd|rv iru dq| vhw V ri sulqflsdov lv qr
orqjhu ydolg lq wkh g|qdplf hqylurqphqw dv wkh h{dpsoh jlyhq lq wkh lqwurgxf0
wlrq looxvwudwhv1
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Wkh g|qdplf frpprq djhqf| jdph suhvhuyhv wkh h!flhqf| ri wkh vwdwlf jdph1
Wkh lqwhuwhpsrudo dvshfwv ri wkh jdph zhdnhq wkh srvlwlrq ri wkh sulqflsdov
dv qhlwkhu dq lqglylgxdo sulqflsdo qru dq| jurxs ri sulqflsdov fdq uhfhlyh wkhlu
pdujlqdo frqwulexwlrq lq jhqhudo1 Lq wklv vhfwlrq/ zh jlyh qhfhvvdu| dqg vx!flhqw
frqglwlrqv iru d pdujlqdo frqwulexwlrq htxloleulxp wr h{lvw1 Lw lv xvhixo wr qrwh
uvw wkdw wkh htxlydohqfh ehwzhhq wkh xqltxhqhvv ri wkh wuxwkixo htxloleulxp
dqg wkh pdujlqdo frqwulexwlrq htxloleulxp lv vwloo ydolg lq wkh g|qdplf jdph1
Wkhruhp 6 +Xqltxhqhvv, Wkh wuxwkixo htxloleulxp lv xqltxh li dqg rqo| li lw
lv d pdujlqdo frqwulexwlrq htxloleulxp1
Surri1 Vhh Dsshqgl{1
Wkh htxlydohqfh uhvxow lv sduwlfxoduo| lqwhuhvwlqj iru wkh htxloleulxp dqdo|vlv
dv wkh ghvfulswlrq ri wkh pdujlqdo frqwulexwlrqv lv lq pdq| vhwwlqjv d pxfk
4;

vlpsohu wdvn wkdq wkh h{solflw ghulydwlrq ri wkh htxloleulxp vwudwhjlhv zklfk
vxssruw wkh pdujlqdo frqwulexwlrq sd|rv1 Wklv zloo eh looxvwudwhg ixuwkhu zlwk
wkh dssolfdwlrqv lq Vhfwlrq 91 Wkhuh duh wzr reylrxv fdqglgdwhv iru qhfhvvdu|
frqglwlrqv iru wkh pdujlqdo frqwulexwlrq htxloleulxp1 Wkh uvw lv wkh zhdn
vxshudgglwlylw| ri wkh pdujlqdo frqwulexwlrq Pl +w , dqg wkh vhfrqg lv wkh zhdn
vxshudgglwlylw| ri wkh rz pdujlqdo frqwulexwlrq pl +w ,=
[
pl + w ,  pV +w , > ;V> ; w =
l5V

Wkh vhfrqg frqglwlrq lv reylrxvo| vwurqjhu dv lw lpsolhv wkh zhdn vxshudgglwlylw|
ri wkh pdujlqdo frqwulexwlrq vlqfh
PV +w , @

4
[
  pV + ,
 @w

krogv iru doo V  L1
Wkhruhp 7 +Qhfhvvdu| Frqglwlrqv,
Li d pdujlqdo frqwulexwlrq htxloleulxp h{lvwv/ wkhq
[
Pl +w ,  PV +w , > ;V> ; w =
l5V

Surri1 Vhh Dsshqgl{1
Wkh zhdn vxshudgglwlylw| ri Pl +w , lv krzhyhu qrw d vx!flhqw frqglwlrq iru
wkh pdujlqdo frqwulexwlrq htxloleulxp dv wkh wzr shulrg h{dpsoh lq wkh lqwur0
gxfwlrq looxvwudwhv1 Wkh pdujlqdo frqwulexwlrq Pl +w , grhv qrw wudfn vx!flhqwo|
suhflvh krz wkh glvwulexwlrq ri wkh ixwxuh vxusoxv lv dhfwhg e| wkh fxuuhqw gh0
flvlrq ri wkh djhqw1 Wklv vxjjhvw wkdw li d pdujlqdo frqwulexwlrq htxloleulxp lv
wr h{lvw/ wkhq wkh fxuuhqw ghflvlrq e| wkh djhqw vkrxog qrw eh prwlydwhg wrr
vwurqjo| e| klv lqwhuhvw wr ghsuhvv wkh ixwxuh vkduhv ri wkh sulqflsdov uhodwlyh
wr wkh vkduhv dorqj wkh h!flhqw sdwk1 Vlqfh wkh djhqw lv wkh uhvlgxdo fodlpdqw
diwhu wkh sulqflsdov uhfhlyh wkhlu pdujlqdo frqwulexwlrq/ d irupdo vwdwhphqw ri
wklv uhtxluhphqw lv wkdw wkh vrfldo orvv iurp d ghyldwlrq iurp wkh h!flhqw srolf|
h{fhhgv wkh orvv lq wkh pdujlqdo frqwulexwlrqv ri wkh sulqflsdov/ ru
[
Z + w mdw ,  Z +w , 
+Pl + w mdw ,  Pl +w ,, > ;dw 5 Dw > ;V=
l5V

4<

Uhfdoo wkdw Z + w mdw , lv wkh vrfldo ydoxh ri wkh surjudp zklfk vwduwv zlwk dq
duelwudu| dfwlrq dw / exw wkhuhdiwhu fkrrvhv dq lqwhuwhpsrudoo| rswlpdo dfwlrq
suroh/ dqg li iroorzv wkdw Z +w mdw ,  Z +w , ? 3 iru doo dw 9@ d1
Wkhruhp 8 +H{lvwhqfh,
Wkh pdujlqdo frqwulexwlrqv htxloleulxp h{lvwv li dqg rqo| li
[
l5V

+Pl + w ,  Pl +w mdw ,,  Z +w ,  Z +w mdw , > ;dw 5 Dw > ;V1

+49,

Surri1 Vhh Dsshqgl{1
Wkh htxloleulxp fkdudfwhul}dwlrq e| wkh lqhtxdolw| +49, lv txlwh srzhuixo
lq dssolfdwlrqv1 Vlqfh doo ydoxhv hqwhulqj wkh lqhtxdolw| fdq eh rewdlqhg iurp
dssursuldwh h!flhqw +frqwlqxdwlrq, surjudpv/ wkh lqhtxdolw| fdq eh hvwdeolvkhg
lqghshqghqwo| ri dq| htxloleulxp frqvlghudwlrqv1 Dv h!flhqw surjudpv duh lq
jhqhudo hdvlhu wr dqdo|}h wkdq g|qdplf htxloleulxp frqglwlrqv/ wkh whfkqltxh
vxjjhvwhg khuh pd| eh xvhixoo| dssolhg wr d zlgh fodvv ri g|qdplf elgglqj
prghov1 Wkh dssolfdwlrqv suhvhqwhg lq vhfwlrq 9/ zkloh ri lqwhuhvw lq wkhlu rzq/
dovr vhuyh wr looxvwudwh wklv srlqw1 Lq wkh fdvh ri d uhshdwhg frpprq djhqf|
jdph/ frqglwlrq +49, uhgxfhv wr wkh frqglwlrq ri zhdn vxshudgglwlylw| ri wkh
pdujlqdo frqwulexwlrqv lq wkh vwdwlf jdph dv wkh wudqvlwlrq iurp shulrg w wr
w . 4 lv ri frxuvh lqghshqghqw ri wkh dfwlrq fkrvhq lq shulrg w1 Lw vkrxog dovr eh
srlqwhg rxw wkdw wkh zhdn vxshudgglwlylw| ri wkh rz frqwulexwlrqv dv rewdlqhg
iurp wkh h!flhqw surjudp=
[
l5V

pl +w ,  pV +w ,

lv qhlwkhu d qhfhvvdu| qru vx!flhqw frqglwlrq iru wkh pdujlqdo frqwulexwlrq htxl0
oleulxp1 Wkh h{dpsoh lq wkh lqwurgxfwlrq surylghv dq h{dpsoh zkhuh wkh rz
pdujlqdo frqwulexwlrqv duh dgglwlyh/ exw d pdujlqdo frqwulexwlrq htxloleulxp
idlov wr h{lvw1 Wr vhh wkdw wkh zhdn vxshudgglwlylw| ri rz pdujlqdo frqwulex0
wlrqv lv qrw qhfhvvdu| hlwkhu/ frqvlghu wkh iroorzlqj h{dpsoh1 Wkh djhqw fdq
fkrrvh lq hdfk shulrg ehwzhhq wzr dfwlrqv/ zklfk kdyh }hur frvw wr wkh djhqw1
Li wkh djhqw fkrrvhv d4 lq wkh uvw shulrg/ wkhq wkh frqwlqxdwlrq sd|r lv jlyhq
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e| wkh jurvv sd|r pdwul{ +4:,/ li kh fkrrvhv d5 lw lv +4;,1 Iru vlpsolflw|/ wkh
dfwlrq lq wkh uvw shulrg grhvq*w surylgh dq| gluhfw sd|rv dqg rqo| ghwhuplqhv
wkh sd|r pdwul{ lq wkh qh{w shulrg1 Wkh jurvv sd|rv wr wkh sulqflsdov duh=
y4 +, y5 +, y6 +,
d44

5

5

4

d45

3

3

3

+4:,

dqg
y4 +, y5 +, y6 +,
d54

8

3

3

d55

3

8

3

+4;,

Wkh rz frqwulexwlrqv lq wkh uvw shulrg duh pV @ 3 iru doo V @ ilj/ exw
p45 @ 4= Krzhyhu/ wkhuh lv qrz d pdujlqdo frqwulexwlrq htxloleulxp zkhuh
wkh djhqw fkrrvhv dfwlrq d4 lq wkh uvw shulrg1 Wkxv wkh zhdn vxedgglwlylw| ri
wkh rz frqwulexwlrqv lv qrw d qhfhvvdu| frqglwlrq hlwkhu1
Wkh lqhtxdolw| +49, zklfk lv erwk d qhfhvvdu| dqg d vx!flhqw frqglwlrq
vxjjhvwv krzhyhu dq lqwhusuhwdwlrq lq whupv ri d prglhg qrwlrq ri wkh rz
pdujlqdo frqwulexwlrq1 Iru dq| vwdwh  w dqg iru doo doorfdwlrqv dw lq shulrg w/
ghqh ;V> ;w =
+
p
a V +w , /

Z + w , 

dv wkh g|qdplf

[
l5V

,

+

Pl +d>  w , pd{ Z +w mdw ,  yV +dw > w , 
dw

[
l5V

,
Pl +dw > w , =

rz frqwulexwlrq ri d vxevhw V ri sulqflsdov1 Qrwlfh wkdw iru

a l +w ,1 Krzhyhu iru d vhw V zlwk mVm A 4> wkh
V @ ilj/ zh kdyh pl + w , @ p
htxdolw| idlov1 Vlqfh
pV +w , @ +y +d> w ,  f +d> w ,,  +yV +dV > w ,  f +dV > w ,,
.ZV +d>  w ,  ZV +dV > w , >
zh kdyh lq jhqhudo
pV + w , 9@ p
a V +w , 1
a V pd| glhu/ exw vlqfh pl +w , @
Wkh h{dpsoh deryh looxvwudwhv krz pV dqg p
p
a l + w , > zh nqrz wkdw lq wkh vshfldo fdvh ri wzr sulqflsdov/ wkh zhdn vxshudg0
glwlylw| ri wkh rz frqwulexwlrqv lv lq idfw d qhfhvvdu| frqglwlrq1 Qrwlfh wkdw
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wkh pdlq glhuhqfh ehwzhhq wkh rz pdujlqdo frqwulexwlrq/ pV +w , > dqg wkh
g|qdplf rz frqwulexwlrq/ p
a V +w , olhv lq wkh glhuhqwldo wuhdwphqw ri wkh frq0
wlqxdwlrq ydoxhv wr wkh frdolwlrq1 Zkloh pV + w , dwwulexwhv wkh hqwluh ixwxuh
pdujlqdo frqwulexwlrq ri frdolwlrq V wr lwv phpehuv/ p
a V +w , dwwulexwhv rqo| wkh
vxp ri lqglylgxdo pdujlqdo frqwulexwlrqv1 Lq jhqhudo wkhvh wzr zloo eh glhuhqw/
dqg wkh odwwhu zloo eh uhohydqw iru wkh fkdudfwhul}dwlrq ri d pdujlqdo frqwulexwlrq
htxloleulxp1 Zlwk wkh g|qdplf rz frqwulexwlrq/ zh fdq irupxodwh dq dowhuqd0
wlyh frqglwlrq iru wkh xqltxhqhvv ri wkh wuxwkixo htxloleulxp pruh lq wkh vslulw
ri wkh vwdwlf frqglwlrq1
Fruroodu| 5 D wuxwkixo htxloleulxp lv d pdujlqdo frqwulexwlrq htxloleulxp li
dqg rqo| li ;w > ;V =

[
l5V

p
a l + w ,  p
a V +w , =

+4<,

Surri1 Vhh Dsshqgl{1

8

Frdolwlrq0Surri Htxloleulxp

Lq wklv vhfwlrq zh vkrz wkh htxlydohqfh ehwzhhq wkh wkuxwkixo htxloleuld fkdudf0
whul}hg lq Vhfwlrq 7 dqg frdolwlrq0surri htxloleuld1 Wkh vwdwlf qrwlrq ri frdolwlrq0
surri Qdvk htxloleulxp lv lqwurgxfhg lq Ehuqkhlp/ Shohj dqg Zklqvwrq +4<;:,/
zkr dovr vxjjhvw d g|qdplf h{whqvlrq/ fdoohg shuihfwo| frdolwlrq0surri Qdvk
htxloleulxp1 Zh dgrsw d voljkwo| glhuhqw qrwlrq zklfk fdswxuhv wkh lghd ri
frdolwlrq0irupdwlrq ryhu wlph lq d shukdsv pruh qdwxudo zd|1 Zh eulh | frp0
phqw rq wkh glhuhqfhv diwhu vwdwlqj wkh ghqlwlrqv1 Qdwxudoo|/ d g|qdplf qrwlrq
ri frdolwlrq0surriqhvv idfhv vlplodu fkdoohqjhv dv dq| qrwlrq ri uhqhjrwldwlrq0
surriqhvv1 Dv uhqhjrwldwlrq0surriqhvv/ lw lv uhodwlyho| xqdpeljxrxv lq qlwh
krul}rq jdphv/ dqg pruh rshq iru fkdoohqjh lq lqqlwh krul}rq jdphv1 Wkh 0
qlwh krul}rq yhuvlrq ri wkh frqfhsw zdv lqwurgxfhg e| Ihuuhlud +4<<9, xqghu wkh
qdph ri frppxqlfdwlrq0surri htxloleulxp1
Lq wkh vwdwlf frpprq djhqf| jdph/ frqvlghu dq| vxevhw V ri sod|huv/ lq0
foxglqj wkh djhqw/ dqg d froohfwlrq ri vwudwhjlhv/ iul +,jl5V
@ 1 Zh ghqh wkh
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frpsrqhqw jdph V uhodwlyh wr iul +,jl5V
@ dv=

q
q
rr
V / @ iul +,jl5V
@
V>
iy
+,j
>
f
+,
.
u
+,
>
iu
+,j
>
d
=
l
V
l
@
l5V
l5Vq3

Wkh frpsrqhqw jdph lv wkh uhvwulfwlrq ri wkh ruljlqdo jdph wr wkh sulqflsdov lq
V dqg wkh djhqw/ kroglqj wkh vwudwhjlhv iul +,jl5V
@ ri wkh uhpdlqlqj sulqflsdov
{hg1
Ghqlwlrq : +Frdolwlrq0Surri Qdvk Htxloleulxp,
41 Lq d frpprq djhqf| jdph zlwk d vlqjoh sulqflsdo / iu4 +, > dj lv d frdolwlrq
surri Qdvk htxloleulxp li dqg rqo| li lw lv d Qdvk htxloleulxp1
51 Lq d frpprq djhqf| jdph zlwk mLm A 4 dvvxph wkdw d frdolwlrq surri Qdvk
htxloleulxp kdv ehhq ghqhg zlwk ihzhu wkdq mLm sulqflsdov1 Wkhq/
+d,

iul +,jl5L > d lv vhoi0hqiruflqj li iru doo V + L/ iul +,jl5V > d lv

d frdolwlrq0surri htxloleulxp lq wkh frpsrqhqw jdph V
+e,

iul +,jl5L > d lv d frdolwlrq0surri htxloleulxp li lw lv d vhoi0hqiruflqj

Qdvk htxloleulxp dqg wkh htxloleulxp qhw sd|rv qV duh qrw Sduhwr
grplqdwhg e| dq| rwkhu vhoi0hqiruflqj Qdvk htxloleulxp1
Ghqrwh e|  +kw , wkh qlwh krul}rq jdph vwduwlqj zlwk klvwru| kw 1 Wkh
g|qdplf frdolwlrq0surri htxloleulxp lv ghqhg e| lqgxfwlrq rq  zlwk w @ W  1
Frqwlqxdwlrq vwudwhjlhv lq shulrg w duh ghqrwhg e| +dw > uw ,1
Ghqlwlrq ; +G|qdplf Frdolwlrq0Surri Htxloleulxp= W ? 4,
41 Ghqh wkh vhw H +kW , dv wkh vhw ri doo frdolwlrq0surri htxloleulxp surohv
ri wkh vwdjh jdph  +kW ,1
51 Vxssrvh wkh vhw H +kv , kdv ehhq ghqhg iru doo kv 5 Kv zlwk v A w1 Wkh vhw
ri g|qdplf frdolwlrq0surri htxloleuld dw kw lq shulrg w lv wkh vhw ri vwudw0

hj| surohv idw > uw +,j vxfk wkdw idw > uw +, > dw > uw +,j lv d frdolwlrq surri
htxloleulxp zkhq +dw > uw , 5 H +kw.4 , =
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61 D vwudwhj| suroh

d3 > u3 +,

d3 > u3 +, 5 H @ H +k3 ,1

lv d g|qdplf frdolwlrq0surri htxloleulxp li

Wkh g|qdplf h{whqvlrq ghqhv frdolwlrq0surriqhvv uhfxuvlyho| e| dq lqgxf0
wlrq rq wkh qxpehu ri uhpdlqlqj shulrgv  1 Lq shulrg w @ W   / wkh vwudwhj|
vsdfh iru dq| frdolwlrq ri sod|huv lv iruphg e| wkh fxuuhqw dfwlrqv dqg dq| vh0
txhqfh ri ixwxuh dfwlrqv zklfk lq lwvhoi kdv wr eh sduw ri d frdolwlrq0surri htxl0
oleulxp lq wkh frqwlqxdwlrq jdph1 Dq| frdolwlrqdo ghyldwlrq lv khqfh uhtxluhg
wr slfn frqwlqxdwlrq vwudwhjlhv zklfk duh lppxqh wr ghyldwlrqv lq wkh frqwlqx0
dwlrq jdph zlwk doo sod|huv1 Lq frqwudvw wkh h{whqvlrq vxjjhvwhg e| Ehuqkhlp/
Shohj dqg Zklqvwrq +4<;:, lv edvhg rq dq lqgxfwlrq dfurvv frdolwlrqv dqg wlph
shulrgv vlpxowdqhrxvo|1 Lw lpsolhv lq sduwlfxodu wkdw wkh vhoi0hqirufhdelolw| ri d
frdolwlrq lv yhulhg lq wkh hqwluh vxejdph zlwkrxw doorzlqj wkh vxevhw wr mrlq
diwhu rqh shulrg1 Lq qlwh krul}rq jdphv ri shuihfw lqirupdwlrq d g|qdplf
frdolwlrq0surri htxloleulxp dozd|v h{lvwv dqg wkh htxloleulxp vhw lv d vxevhw ri
wkh vhw ri vxejdph shuihfw htxloleuld1 Lq frqwudvw/ Shohj +4<<5, vkrzv wkdw d
shuihfwo| frdolwlrq0surri htxloleulxp grhv qrw dozd|v h{lvwv hyhq lq jdphv ri
shuihfw lqirupdwlrq1
Wkh h{whqvlrq ri g|qdplf frdolwlrq0surriqhvv wr jdphv zlwk dq lqqlwh krul0
}rq lv edvhg rq uhfxuvlyh frqvlvwhqf| dv zhoo1 Frqvlghu d vxejdph shuihfw htxl0
oleulxp suroh +d> u,1 Wkh vhw H qrz ghqrwhv wkh vhw ri frqwlqxdwlrq surohv ri
+d> u, iru doo srvvleoh klvwrulhv kw 5 Kw iru doo w1 Zh ghqrwh e| H +w , wkh vhw ri
frqwlqxdwlrq surohv lq vwdwh w 1
Ghqlwlrq < +G|qdplf Frdolwlrq0Surri Htxloleulxp= W @ 4,
D vwudwhj| suroh +d> u, lv d g|qdplf frdolwlrq0surri htxloleulxp li iru doo frqwlq0


xdwlrq surohv +d> u, @ +d3 >u3 , > d3 > u3 wkhuh h{lvwv qr rwkhu suroh +a
d> a
u, @
 3 3
+a
d3 >a
vxfk wkdw
u3 , > a
d >a
u
 3 3
41 d
a >a
u 5 H>


51 +a
d> a
u, lv d frdolwlrq0surri htxloleulxp zlwk d3 > u3 5 H>
61 Yl +a
d> a
u,  Yl +d> u, iru doo l zlwk dw ohdvw rqh vwulfw lqhtxdolw|1
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Wkh qrwlrq ri g|qdplf frdolwlrq0surri iru wkh lqqlwh krul}rq lv zhdn lq wkh
vhqvh wkdw lw rqo| uhihuv wr wkh vhw jhqhudwhg e| dq htxloleulxp suroh lwvhoi/
dqg pd| eh uhjdughg dv dq lqwhuqdo frqvlvwhqf| uhtxluhphqw1 Iru jdphv zlwk
wzr sod|huv/ wkh qrwlrq lv doprvw htxlydohqw wr wkh qrwlrq ri zhdn uhqhjrwldwlrq
surri htxloleulxp e| Iduhoo dqg Pdvnlq +4<;<, dqg frqvlvwhqf| e| Ehuqkhlp dqg
Ud| +4<;<,1 Iru wzr sod|huv/ rxu qrwlrq lv voljkwo| vwurqjhu dv zh uhtxluh wkdw
wkh vhw ri frqwlqxdwlrq surohv H vkrxog qrw doorz wkh sod|huv wr jhqhudwh dq
htxloleulxp zklfk lv Sduhwr lpsurylqj dqg rqo| xvhv wkh vwdjh jdph vwudwhjlhv
dqg frqwlqxdwlrq vwudwhjlhv iurp wkh vhw H lwvhoi15 Lq wzr sod|hu/ qlwh krul}rq
jdphv lw lv htxlydohqw wr wkh qrwlrq ri frqvlvwhqf| e| Ehuqkhlp dqg Ud| +4<;<,
dqg vlplodu qrwlrqv iru qlwho| uhshdwhg jdphv1
Wkhruhp 9 +Htxlydohqfh lq Pdunry Vwudwhjlhv,
41 Iru hyhu| wuxwkixo htxloleulxp/ wkhuh h{lvwv dq htxlydohqw g|qdplf frdolwlrq0
surri htxloleulxp1
51 Hyhu| g|qdplf frdolwlrq0surri htxloleulxp lq Pdunry vwudwhjlhv lv sd|r0
htxlydohqw +lq hyhu| vwdwh w , wr d wuxwkixo htxloleulxp1
Surri1 Vhh Dsshqgl{1
Wkh txdolfdwlrq wr sd|r0htxlydohqw lv qhfhvvdu| dv wkhuh duh frdolwlrq0surri
htxloleuld lq Pdunry vwudwhjlhv lq zklfk wkh vwudwhjlhv duh qrw htxlydohqw wr dq|
wuxwkixo htxloleulxp/ exw wkh glhuhqfh lv qrw sd|r uhohydqw dv lw frqfhuqv
frqwulexwlrq wr dfwlrqv r wkh htxloleulxp sdwk1 Lq wkh hduolhu vhfwlrq zh fkrvh
wr ghqh wuxwkixo vwudwhjlhv rqo| zlwk uhvshfw wr wkh fxuuhqw doorfdwlrq dqg wkh
sd|r uhohydqw vwdwh ri wkh zruog1 Li zh zhuh wr jhqhudol}h wkh qrwlrq ri wuxwkixo
zlwk uhvshfw wr hqwluh klvwru|/ wkhq wkh htxlydohqfh vwdwhphqw lq Wkhruhp 9
frxog eh pdgh jhqhudoo| dqg zlwkrxw wkh Pdunryldq uhvwulfwlrq1 Wkh surri
zrxog surfhhg vlploduo|1
5 Ud|

+4<;<, vxjjhvwv d vwulfwhu frqglwlrq ri lqwhuqdoo| uhqhjrwldwlrq0surri e| jrlqj eh|rqg

wkh frqvlghudwlrq ri fxuuhqw dqg frqwlqxdwlrq sd|rv/ wr vhw ri doo vhoi0jhqhudwlqj sd|rv1
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9

Dssolfdwlrqv

Lq wklv vhfwlrq zh suhvhqw wzr dssolfdwlrqv ri wkh g|qdplf frpprq djhqf|
iudphzrun1 Lq Vxevhfwlrq 914 dq djhqw fdq surfhvv d qlwh qxpehu ri wdvnv
lq hdfk shulrg1 Wkh sulqflsdov frpshwh iru wkh vhuylfhv ri wkh djhqw dqg wkhlu
djjuhjdwh ghpdqg h{fhhgv wkh wrwdo qxpehu ri wdvnv wkh djhqw fdq shuirup lq
d vlqjoh shulrg1 Wkh sulqflsdov wkhq wu| wr lq xhqfh wkh vfkhgxolqj ri wkh wdvn
e| wkh djhqw wkurxjk wkh wudqvihu sd|phqwv1 Lq Vxevhfwlrq 915 zh frqvlghu
mre pdwfklqj xqghu xqfhuwdlqw| dqg vkrz krz frpprq djhqf| dulvhv iurp lq0
whuwhpsrudo frqvlghudwlrqv1

914

Pxowl0Wdvn Doorfdwlrq

Frqvlghu dq djhqw zkr rhuv klv vhuylfhv ryhu wlph wr pdq| sulqflsdov1 Hdfk
sulqflsdo kdv d qlwh ru lqqlwh qxpehu ri surmhfwv vkh zlvkhv wr frpsohwh1 Wkh
uhdol}dwlrq ri hdfk surmhfw uhtxluhv wkh vhuylfhv ri wkh djhqw1 Wkh djhqw fdq
vxshuylvh dw prvw q surmhfwv lq hyhu| shulrg1 Wkh vxshuylvlrq ri dq| rqh ri
wkh surmhfwv lv frvwohvv iru klp/ dv orqj dv wkh wrwdo qxpehu ri surmhfwv xqghu
vxshuylvlrq grhv qrw h{fhhg q shu shulrg1 Wkh djhqw lq wkh prgho pd| eh
wkrxjkw wr kdyh dq dvvhw zlwk d fdsdflw| frqvwudlqw lq klv srvvhvvlrq1 Dv d
frqvhtxhqfh wkh djhqw kdv wr ghflgh wkh rughu lq zklfk kh vhuylfhv wkh frpshwlqj
sulqflsdov1 Vxfk d vlwxdwlrq dulvhv iuhtxhqwo| lq wkh frqwh{w ri rxwvrxuflqj ri
vhuylfhv1 Frqvlghu iru h{dpsoh dq djhqw zlwk d frpsxwlqj idflolw|/ vxfk dv d
vxshufrpsxwhu/ dqg vhyhudo sulqflsdov duh elgglqj iru frpsxwlqj wlph rq wkh
idflolwlhv1 Dqrwkhu h{dpsoh dulvhv lq ghuhjxodwhg hohfwulflw| pdunhwv zkhuh wkh
glvwulexwruv elg lq vsrw pdunhwv iru hohfwulflw| e| d jlyhq vxssolhu1
Wkh xqglvfrxqwhg ydoxh ri dq| sduwlfxodu surmhfw ri sulqflsdo l lv ghqrwhg
e| yl +Wl ,  3/ zkhuh Wl lv lqgh{lqj wkh surmhfwv ri hdfk sulqflsdo1 Wkh surmhfwv
duh rughuhg lqyhuvho| e| wkh lqgh{ Wl / l1h1 yl +Wl ,  yl +Wl . 4, iru doo l dqg doo
Wl 1 Zh uhihu wr wklv vhw0xs dv wkh ghfuhdvlqj uhwxuqv prgho1 Ghqrwh e| Wl +w,
wkh qxpehu ri vhuylfhv surylghg wr sulqflsdo l xqwlo dqg lqfoxglqj shulrg w1 Wkh
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vwdwh w lq shulrg w lv wkhq vlpso| wkh yhfwru ri frxqwlqj wlphv
w @ +W4 +w  4, > W5 +w  4, > ===> WL +w  4,, =6

+53,

Dq doorfdwlrq srolf| lv jlyhq e|
d =  $ D>
zkhuh wkh dfwlrq dvvrfldwhv wr hyhu| vwdwh  d vxevhw ri sulqflsdov zkrvh surmhfwv
duh uhdol}hg lq w/ zklfk lq wxuq jhqhudwhv d qhz yhfwru w.4 @+W4 +w,/ W5 +w,/ ===/WL +w,,1
Wkh djhqw lv iuhh wr vxshuylvh pruh wkdq rqh surmhfw ri dq| jlyhq sulqflsdo dw
dq| jlyhq shulrg1 Dq doorfdwlrq srolf| d +, lv vrfldoo| h!flhqw li lw pd{lpl}hv
wkh glvfrxqwhg sd|r ryhu wlph=
3
4
L
[
[
pd{
w C
d+,

w@3

W[
l + w,

l@4 Wl @Wl +w4,.4

4
yl +Wl ,D =

Wkh vrfldoo| rswlpdo srolf| lq wklv hqylurqphqw lv vlpso| wr vhohfw lq hyhu|
shulrg dprqj wkh uhpdlqlqj wdvnv wkh q wdvnv zklfk |lhog wkh kljkhvw sd|r1
Zh fkdudfwhul}h wkh htxloleulxp ri wkh vfkhgxolqj jdph xvlqj whfkqltxhv
vxjjhvwhg e| Wkhruhp 6 dqg 81 Wkh rswlpdo srolf| dvvljqv hyhu| surmhfw Wl e|
sulqflsdo l lwv udqn  lq wkh vhtxhqfh ri doo uhdol}hg surmhfwv=
 l = Q $ Q ^ i4j /

+54,

zkhuh  l +Wl , @ 4 phdqv wkdw surmhfw Wl ri sulqflsdo l lv qhyhu uhdol}hg e| wkh
rswlpdo srolf|1 Wkh dvvljqphqw  l iru hyhu| l lpsolhv wkdw wkh ydoxh y ri d
surmhfw ri udqn  lv htxdo wr y +Wl , li dqg rqo| li  l +Wl , @ =
y @ yl +Wl , /  l +Wl , @ =
Lq wkh iroorzlqj lw zloo eh pruh frqyhqlhqw wr xvh wkh rqh0glphqvlrqdo rughu
 dqg wkh dvvrfldwhg ydoxh y lqgxfhg e| wkh rswlpdo sdwk/ udwkhu wkdq wkh L
6 Wkh

lghqwlfdwlrq lv xqltxh li/ dv zh dvvxph/ sulqflsdo  fdq rqo| uhdol}h wkh surmhfwv lq

wkh rughu vshflhg hduolhu1 Wklv lv zlwkrxw orvv ri jhqhudolw| dv lw lv rswlpdo/ erwk sulydwho|
dqg vrfldoo| wr uvw uhdol}h wkh surmhfw zlwk orzhvw uhpdlqlqj

5:

A

1

glphqvlrqdo yhfwru ri frxqwlqj wlphv +W4 > ===> WL ,1 Vlqfh wkh djhqw fdq hpsor|
xs wr q surmhfwv lq hdfk shulrg/ wkh lqgh{  uxqv dw q wlphv wkh vshhg ri uhdo
wlph1 Wr zulwh wkh ydoxh ixqfwlrqv xvlqj wkh udqnv jlyhq e|  exw uhvshfwlqj
wkh wuxh glvfrxqwlqj/ zh qhhg wr lqwurgxfh wkh ixqfwlrq w +, wkdw jlyhv wkh uhdo
wlph shulrg lq zklfk wkh surmhfw zlwk udqn  lv hpsor|hg xqghu wkh doorfdwlrq
srolf| wkdw dozd|v fkrrvhv wkh q surmhfwv zlwk wkh orzhvw udqn1 Wr wklv hqg/ ohw
q 
r

w + , @ pd{ w w 5 Q> w ?
=
q
Wkh vrfldo ydoxh xqghu wkh qhz forfn  lv wkhq jlyhq e|
Z + , @

4
[
 w+v,w+ , yv =
v@

+55,

Ghqh wkh frxqwhu Wl + , wr nhhs wudfn ri krz pdq| wlphv sulqflsdo l kdv re0
wdlqhg wkh vhuylfhv ri wkh djhqw xqghu wklv qhz dqg idvwhu forfn =
Wl +, / i&v myv @ yl +, > v   = j =
Dvvrfldwhg zlwk hdfk frxqwhu Wl + ,/ lv dq dffhohudwhg frxqwhu=
 l +, / plq iv mv  Wl +v, @  j =
Wkh frxqwhu l + , dvvrfldwhv zlwk wr  dqg y dqrwkhu wlph l + , dqg fruuh0
vsrqglqj doorfdwlrq yl + , 1 Wkh frxqwhu  l +, dffhohudwhv  e| h{foxglqj sulq0
flsdo l iurp wkh vhw ri dowhuqdwlyhv1 Lw lv qhhghg zkhq fdofxodwlqj wkh pdujlqdo
frqwulexwlrq ri sulqflsdo l1 Wkh frxqwhuv Wl + , dqg  l + , fdq eh orfdol}hg e|
vwduwlqj wkhp dw dq duelwudu|  A 3=
Wl + m , / i&v myv @ yl +, >   v   = j >
dqg
l + m , / plq iv mv  Wl +v m , @  j =

+56,

Frqvlghu wkhq wkh rswlpdo srolf| lq wkh devhqfh ri sulqflsdo l1 Dv wkh uhzdugv
duh ghfuhdvlqj ryhu wlph/ wkh rswlpdo srolf| lv vlpso| wr dffhohudwh wkh ruljlqdo

5;

srolf|1 E| vfkhgxolqj dowhuqdwlyh l + , lqvwhdg ri  > wkh ydoxh ri wkh uhpdlqlqj
surjudp lv

4
[

l
 w+v,w+ , y +vm , =
Z + , @
l

v@

Wkh pdujlqdo frqwulexwlrq ri sulqflsdo l lv jlyhq e|
Pl + , @

4
[
v@



 w+v,w+ , yv  yl +vm , >

+57,

dqg wkh rz pdujlqdo frqwulexwlrq lv
pl + , @

4
[


 w+v,w+ , yl +vm .4,  yl +vm , >
v@

+58,

zlwk wkh frqyhqwlrq wkdw
yl + m .4, @ y 1
Frqvlghu uvw wkh vlwxdwlrq zkhuh q @ 4 dqg hdfk sulqflsdo kdv d vlqjoh
surmhfw uhtxlulqj wkh dvvlvwdqfh ri wkh djhqw1 Zlwk q @ 4/ zh kdyh w +, @  iru
doo  1 Wkh vrfldoo| rswlpdo duudqjhphqw lv wr rughu wkh sulqflsdov dffruglqj wr
wkh ydoxh ri wkhlu surmhfw1 Zh lghqwli| sulqflsdo l zlwk wkh wlph  l dw zklfk wkh
surmhfw lv uhdol}hg rswlpdoo|1 Vlqfh hdfk sulqflsdo kdv rqo| rqh surmhfw zh kdyh
l +v m . 4 , @ v dqg  l +v m , @ v . 4 iru doo v A  li  @  l 1 Wkh rz pdujlqdo
frqwulexwlrq fdq wkhq vlpso| eh zulwwhq dv
pl +, @

4
[
 v l +yv  yv.4 , >

v@ l

li  @  l / dqg }hur rwkhuzlvh1 Wkh lpphgldwh frqwulexwlrq ri sulqflsdo l lv wkh
glhuhqfh lq ydoxh ehwzhhq y l dqg wkh qh{w ehvw surmhfw y l .4 1 Exw wkh dydlo0
delolw| ri surmhfw y l dovr doorzv wr srvwsrqh doo ixwxuh uhdol}dwlrqv e| h{dfwo|
rqh shulrg1 Dv wkhvh ehqhwv rqo| rffxu lq wkh ixwxuh/ wkh| duh dssursuldwho|
glvfrxqwhg/ exw wkh| kdyh wr eh dwwulexwhg wr sulqflsdo l lq  l / vlqfh diwhu lwv
uhdol}dwlrq lq  l lwv ehqhw lv vxqn1 Wkh pdujlqdo frqwulexwlrq ri sulqflsdo l lv

wkhq vlpso| Pl +, @   l  pl + l , iru    l / Pl + , @ 3 iru  A  l 1

Wkh txhvwlrq lv wkhq zkhwkhu sulqflsdo l lv deoh wr uhdol}h khu pdujlqdo
frqwulexwlrq lq htxloleulxp1 E| Wkhruhp 8/ wklv lv htxlydohqw wr vdwlvi|lqj wkh
5<

lqhtxdolw|
Z + ,  Z + mn , 

[
l5V

+Pl +,  Pl + mn ,, =

+59,

Zlwkrxw orvv ri jhqhudolw|/ dvvxph  @ 31 Wkh uhdol}dwlrq ri wdvn n lq shulrg 3
hqwdlov ghod|lqj wkh h!flhqw sodq e| rqh shulrg xqwlo shulrg n 1 Diwhu n> wkh wzr
sodqv duh lghqwlfdo1 Wkh qhw fkdqjh lq wkh vrfldo ydoxh lv wkxv=
Z +3,  Z +3 mn , @ +4  ,

n[
4
v@3



 v yv  4   n yn

+5:,

Wkh fkdqjh lq wkh pdujlqdo frqwulexwlrq iru sulqflsdo l lv gxh wr wkh srvwsrqh0
phqw ri lwv uhdol}dwlrq/ dqg zh kdyh
Pl +3,  Pl +3 mn , @ +4  ,   l

n[
4
v@ l

 v +yv  yv.4 , =

+5;,

Wkh hduo| uhdol}dwlrq ri yn kdv qr sulydwh ehqhw wr sulqflsdo l1 Qrwlfh wkdw wkh
pdujlqdo frqwulexwlrq ri sulqflsdo l zlwk  l A n lv qrw dhfwhg e| wkh fkdqjh
iurp wkh rswlpdo srolf| wr wkh prglfdwlrq e| n/ dv wkh wlph ri lwv uhdol}dwlrq
uhpdlqv xqfkdqjhg1 Vlqfh Pl +3,  Pl +3 mn ,  3/ wkh lqhtxdolw| +59, lv prvw
ghpdqglqj iru V @ i3> 4> ====> n  4j1 Diwhu lqvhuwlqj +5:, dqg +5;, dqg glylglqj
e| +4  , zh fdq zulwh +59, dv=
n[
4 
v@3

4 n[
4
 n[
 v yv   n yn 
 v +yv  yv.4 , =
 l @3 v@ l

+5<,

Wkh okv ri +5<, h{suhvvhv iru hyhu| yv zlwk v ? n/ wkh ydoxh glhuhqfh ehwzhhq
yv dqg yn lq wkh rswlpdo surjudp=
 v yv   n yn  3=
Wkh ukv dovr suhvhqwv iru hyhu| yv d glhuhqwldo h{suhvvlrq ehwzhhq yv dqg yn /
exw lw surfhhgv lq vwhsv y  y .4 zklfk dffxpxodwh ohvv ydoxh dv wkh| duh
lqfuhdvlqjo| glvfrxqwhg1 Wklv uh hfwv wkh ydoxh glhuhqfh ehwzhhq yv dqg yn
lq whupv ri wkh pdujlqdo frqwulexwlrq1 Vlqfh wkh pdujlqdo frqwulexwlrq rqo|
slfnv xs wkh lqiudpdujlqdo glhuhqfhv lq hyhu| shulrg/ lw iroorzv gluhfwo| wkdw
wkh lqhtxdolw| +59, krogv1
63

Wkh htxloleulxp sd|rv duh frpsxwhg zlwk wkh dvvlvwdqfh ri wkh pdujlqdo
frqwulexwlrq1 Sulqflsdo l uhfhlyhv lq  l klv pdujlqdo frqwulexwlrq pl + l ,1 Wkh
djhqw uhfhlyhv lq  l wkh uhvlgxdo=
y l  pl + l , @ y l .4 
@ +4  ,

4
[
v@ l .4

4
[

v@ l .4

 v l +yv  yv.4 ,

 v l yv >

zklfk lv wkh ydoxh ri wkh qh{w ehvw surmhfw plqxv wkh ixwxuh pdujlqdo frqwulex0
wlrq ri wklv dowhuqdwlyh1 Htxlydohqwo|/ lw lv wkh dyhudjh rz ydoxh ri wkh vhtxhqfh
ri doo ixwxuh surmhfwv1 Wkh wuxwkixo htxloleulxp vwudwhjlhv duh dovr uhsuhvhqwhg
zlwk wkh dvvlvwdqfh ri wkh pdujlqdo frqwulexwlrq1 Zh uhvwulfw rxuvhoyhv wr wkh
rq0wkh htxloleulxp0sdwk vwudwhjlhv dqg wkh vwdwh w fdq vlpso| eh uhsuhvhqwhg
e| wlph w lwvhoi1 Frqvlghu uvw sulqflsdo l zkr douhdg| uhdol}hg khu surmhfw dorqj
wkh htxloleulxp sdwk dqg  l ? w1 Khu ixwxuh sd|r lv Pl +w . 4 mx , @ 3 iru
doo fxuuhqw doorfdwlrqv x/ qrw qhfhvvdulo| htxdo wr w/ dqg khqfh wkh uhtxluhphqw
iru d wuxwkixo vwudwhj| lv ul +w> w, @ ul +x> w, dqg wkh rqo| ehvw uhvsrqvh lv wr vhw
wkh uhzdugv ul +w> w, @ ul +x> w, @ 31 Frqvlghu wkhq dq| sulqflsdo zkr dorqj wkh
htxloleulxp sdwk uhdol}hv wkhlu surmhfw diwhu w/ ru  l A w1 D wuxwkixo vwudwhj|
uhtxluhv wkdw
ul +x> w, . Pl +w . 4 mx ,  ul +w> w, . Pl +w . 4 mw , > iru x 9@  l >
dqg
y l  ul + l > w,  ul +w> w, . Pl +w . 4 mw , > iru x @  l =
Iru doo x ?  l / zh vkrzhg hduolhu wkdw Pl +w . 4 mx , @ Pl +w . 4 mw ,/ dqg khqfh
ul +x> w, @ ul +w> w,/ dqg wkh rqo| ehvw uhvsrqvh lv djdlq wr vhw ul +x> w, @ ul +w> w, @
31 Ilqdoo|/ wkh gluhfw uhzdug rhuhg wr wkh djhqw iru wkh uhdol}dwlrq ri surmhfw l
lv jlyhq e|

ul + l > w, @ y l    l w pl + l , >

+63,

lq zklfk sulqflsdo l rhuv wkh djhqw wkh hqwluh glhuhqfh ehwzhhq khu pdujlqdo
frqwulexwlrq pl + l , zklfk vkh uhfhlyhv lq  l dqg wkh ydoxh ri wkh surmhfw wr0
gd|1 Lw iroorzv wkdw lq htxloleulxp/ hdfk sulqflsdo rhuv wudqvihuv rqo| iru wkh
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uhdol}dwlrq ri khu rzq surmhfw/ dqg qr rwkhu wudqvihuv1 Wkh uhzdugv rhuhg e|
+63, doorz xv wr yhuli| wkdw wkh djhqw lv lq htxloleulxp lqglhuhqw rqo| ehwzhhq
surmhfwv w dqg w . 4/ dqg wkh lqglhuhqfh lv uhvroyhg lq htxloleulxp lq idyru
ri surmhfw w1 Wkxv/ zkloh wkh sulqflsdov fdq rhu jhqhudo uhzdug vfkhphv/ lq
htxloleulxp wkh| rhu qrq0wulyldo uhzdugv rqo| iru wkh uhdol}dwlrq ri wkhlu rzq
surmhfwv1 Lw iroorzv wkdw wkh pdujlqdo frqwulexwlrq htxloleulxp lv dovr dq htxl0
oleulxp lq d pruh uhvwulfwhg elgglqj jdph zkhuh hdfk sulqflsdo fdq rqo| elg iru
vhuylfhv surylghg gluhfwo| wr khu1 Wkh jhqhudo prgho lq zklfk hdfk sulqflsdo kdv
pdq| surmhfwv dqg wkh djhqw kdv d qlwh fdsdflw| uhtxluhv d pruh fduhixo dqg
vxewoh dssurdfk/ exw wkh edvlf lqwxlwlrq lv vwloo ydolg1 Zh vxppdul}h wkh uhvxowv
iru wkh jhqhudo prgho1
Wkhruhp :
41 Wkh pxowl0wdvn jdph kdv d xqltxh wuxwkixo htxloleulxp1
51 Hdfk sulqflsdo l uhfhlyhv lq shulrg w=
[

i mw+ ,@w>Wl + ,9@Wl + 4, j
61 Wkh djhqw uhfhlyhv lq shulrg w=
3
[
[
Cy 
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[

l5L i mWl + ,9@Wl + 4, j

4
pl + ,D

Surri1 Vhh Dsshqgl{1
Qdwxudoo|/ wkh vxppdwlrq lq shulrg w h{whqgv ryhu doo surmhfwv  zklfk duh
uhdol}hg lq shulrg w1 Dv wkh pdujlqdo frqwulexwlrq e| sulqflsdo l lv glhuhqw iurp
}hur rqo| li rqh ri khu surmhfwv lv uhdol}hg/ wkh vxppdwlrq iru l rqo| qhhgv wr
dffrxqw iru surmhfwv  zklfk lqfuhdvh wkh frxqwhu Wl +, ri sulqflsdo l1
Wkh h{whqvlrq wr pdq| sulqflsdov zlwk pdq| wdvnv idfhv dw ohdvw rqh srwhq0
wldo gl!fxow|/ zklfk zh eulh | looxvwudwh1 Zlwk d vlqjoh surmhfw/ hdfk lqglylgxdo
sulqflsdo uhfhlyhv wkh pdujlqdo frqwulexwlrq ri wkh surmhfw dv khu sd|r1 Zkhq
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rqh sulqflsdo kdv pxowlsoh wdvnv/ wkh pdujlqdo frqwulexwlrq ri doo khu wdvnv jhq0
hudoo| h{fhhgv wkh vxp ri wkh pdujlqdo frqwulexwlrqv ri wkh lqglylgxdo wdvnv1
Frqvlghu/ h1j1 d prgho zlwk wzr sulqflsdov/ rqh zlwk d vlqjoh wdvn ri ydoxh 4/
wkh rwkhu zlwk wzr wdvn ri ydoxhv 5 dqg 4/ uhvshfwlyho|1 Wkh pdujlqdo frqwulex0

wlrqv ri wkh surmhfwv duh wkhq  5 > 4 .  5 dqg  5 uhvshfwlyho|/ exw wkh pdujlqdo
frqwulexwlrq ri wkh vhfrqg sulqflsdo lv 4 .  .  5 A 4 . 5 5 = Wkh uvw sulqflsdo lv

zloolqj wr sd| wkh djhqw 4   5 lq wkh uvw shulrg1 Lq wkh xqltxh wuxwkixo htxl0
oleulxp ri wklv jdph/ wkh vhfrqg up sd|v rqo| 4  > exw wkh djhqw dffhswv wklv
orzhu sd|phqw vlqfh vfkhgxolqj wkh uvw up*v surmhfw zrxog pdnh lw lpsrvvleoh
wr rewdlq dq| ixwxuh sd|phqwv dv up 5 zrxog idfh qr frpshwlqj surmhfwv dqg
wkxv h{wudfwv doo vxusoxv1 E| vfkhgxolqj wkh vhfrqg up*v wdvn uvw/ wkh djhqw
pdnhv vxuh wkdw vkh uhfhlyhv d sd|phqw ri 4   lq wkh qh{w shulrg dv zhoo1
Wkxv/ hyhq wkrxjk wkh pdujlqdo frqwulexwlrqv ri wkh surmhfwv ri sulqflsdo l gr
qrw vdwlvi| zhdn vxshudgglwlylw|/ d pdujlqdo frqwulexwlrqv htxloleulxp h{lvwv1
Zh frqmhfwxuh wkdw wkh wkhruhp fdq eh jhqhudol}hg wr dq duelwudu| dqg qrw
qhfhvvdulo| ghfuhdvlqj uhwxuq prgho/ dv orqj dv wkh uhwxuqv yl +Wl , iru sulqflsdo
l ghshqg rqo| wkh klvwru| ri khu rzq surmhfwv1 Wkh h{whqvlrq zrxog uho| rq
whfkqltxhv wr eh lqwurgxfhg lq wkh qh{w h{dpsoh1

915

Mre Pdwfklqj

Wkh vhfrqg dssolfdwlrq zh frqvlghu lv d prgho ri mre pdwfklqj xqghu xqfhuwdlqw|
dv uvw lqwurgxfhg e| Mrydqrylf +4<:<,1 Hdfk sulqflsdo l kdv dq hpsor|phqw
rssruwxqlw| iru wkh djhqw1 Wkh surgxfwlylw| ri wkh djhqw lq wkh mre rhuhg
e| sulqflsdo l lv yl + w ,1 Wkh vwdwh yduldeoh w pd| uhsuhvhqw wkh lqirupdwlrq
lq shulrg w derxw wkh djhqw*v surgxfwlylw| lq glhuhqw mrev1 Zkloh wkh djhqw
lv hpsor|hg e| dw prvw rqh sulqflsdo dw dq| srlqw ri wlph/ kh pd| fkdqjh
klv hpsor|huv ryhu wlph dv pruh lqirupdwlrq derxw wkh txdolw| ri wkh ydulrxv
pdwfkhv ehfrphv dydlodeoh1 Zh uhihu wr wkh dvvljqphqwv ryhu wlph dv wkh fduhhu
sdwk ri wkh djhqw1 Wkh djhqw pd| kdyh d ydulhw| ri wdohqwv/ dqg iru wklv uhdvrq
ixwxuh hpsor|huv pd| kdyh suhihuhqfhv ryhu klv fxuuhqw hpsor|hu1 Wklv pd| lq
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wxuq surpsw ixwxuh hpsor|huv wr lq xhqfh wkh djhqw*v fxuuhqw dvvljqphqw e|
rhulqj uhzdugv frqglwlrqdo rq klv fxuuhqw fkrlfh1 Wkh iroorzlqj h{dpsoh pd|
looxvwudwh wkh lqwhudfwlrq ehwzhhq fxuuhqw dqg ixwxuh hpsor|huv1
Wkhuh duh wkuhh sulqflsdov zlwk zkrp wkh djhqw fdq zrun dqg wzr vwdwhv
ri wkh zruog1 Lq $ 4 wkh surgxfwlylw| ri wkh djhqw lv +8> 7> 3, dqg lq vwdwh $ 5 lw
lv +8> 8> :,1 Vwdwh $ 4 lv dv olnho| dv vwdwh $ 5 dqg vxssrvh wkdw  @ 4@51 Wkh
surgxfwlylw| ri wkh djhqw lv wkxv lqlwldoo| nqrzq zlwk sulqflsdo 4/ exw xqnqrzq
zlwk sulqflsdo 5 dqg 61 Krzhyhu/ diwhu wkh uvw pdwfk zlwk hlwkhu sulqflsdo
5 ru 6/ wkh wuxh vwdwh ri wkh zruog lv uhyhdohg dqg wkh surgxfwlylw| zlwk erwk
sulqflsdov ehfrphv nqrzq1 Wkh h!flhqw fduhhu sdwk lv iru wkh djhqw wr uvw zrun
zlwk sulqflsdo 5 dqg wkhq vzlwfk hlwkhu wr sulqflsdo 4 ru sulqflsdo 6 frqglwlrqdo
rq wkh lqirupdwlrq dulvlqj zlwk wkh h{shulhqfh ri wkh pdwfk lq wkh uvw shulrg1
Wkh pdwfk zlwk sulqflsdo 5 lv dv lqirupdwlyh dv wkh pdwfk zlwk sulqflsdo 6/
exw dv wkh h{shfwhg uhwxuq zlwk sulqflsdo 5 lv kljkhu/ wkh rswlpdo pdwfk lq

wkh lqlwldo shulrg lv zlwk sulqflsdo 51 Wkh pdujlqdo frqwulexwlrq lv Pl +3, @ 45 /

exw gxh wr wkh fruuhodwlrq P56 +3, @ 45 dv zhoo1 Wkxv d pdujlqdo frqwulexwlrq
htxloleulxp fdqqrw h{lvw1 Wkh idloxuh ri wkh pdujlqdo frqwulexwlrqv wr eh zhdno|
vxshudgglwlyh ohdgv wr pxowlsoh htxloleuld1 Wkh iroorzlqj frqwulexwlrqv irup wkh

vhw ri wuxwkixo htxloleulxp vfkhgxohv lq shulrg 3=


6
u4 +> 3, @
7 > 3> 3
7
u5 +> 3, @ +3> 7 . {> 3,


4
u6 +> 3, @
3> 4  {> 7  {
5
 4
iru dq| { 5 3> 5 1 Iru hyhu| {/ wkh sulqflsdov 5 dqg 6 dfklhyh wkhlu mrlqw pdujlqdo
frqwulexwlrq/ dqg iru wkh h{wuhph srlqwv ri wkh lqwhuydo/ hlwkhu sulqflsdo 5 ru
6/ uhvshfwlyho| dovr rewdlq wkhlu lqglylgxdo pdujlqdo frqwulexwlrq/ exw dw wkh
h{shqvh ri vtxhh}lqj wkh vxusoxv ri wkh rwkhu sulqflsdo wr 31
Vxssrvh qh{w wkdw zh zrxog uhvwulfw dwwhqwlrq wr frqwulexwlrq vfkhphv lq
zklfk wudqvihuv rqo| rffxu lq frqfxuuhqfh zlwk pdwfk irupdwlrq1 Zh uhihu wr
wudqvihuv vdwlvi|lqj wklv uhvwulfwlrq dv vsrw zdjhv1 Wkhq wkh rqo| htxloleulxp
xvlqj wuxwkixo vwudwhjlhv lv wkh pdwfk iruphg ehwzhhq wkh djhqw dqg wkh uvw
67

sulqflsdo1 Lq wklv htxloleulxp doo sulqflsdov rhu zdjhv ul +l> w, @ 7 45 dqg wkh
djhqw vhohfwv wkh uvw sulqflsdo lq hyhu| shulrg1
Wklv h{dpsoh vxjjhvwv wkdw wkh h{lvwhqfh ri d pdujlqdo frqwulexwlrq htxl0
oleulxp uhtxluhv lqghshqghqfh lq wkh lqirupdwlrq vwuxfwxuh dfurvv wkh glhuhqw
sulqflsdov1 Zh vkdoo fdoo mrev lqghshqghqw li +l, wkh vwdwh yduldeoh  w fdq eh


uhsuhvhqwhg e| d yhfwru w @  4w > ====> Lw / +ll, wkh surgxfwlylw| lq mre l vdwlvhv
 
l
yl aw @ yl + w , iru doo a w zlwk a
w @  lw dqg +lll, mw @ mw.4 li wkh djhqw zrunv
zlwk sulqflsdo l lq shulrg w iru doo m 9@ l1 Wkh rswlpdo vroxwlrq ri wkh pdwfk0
lqj sureohp zlwk lqghshqghqw mrev fdq eh fkdudfwhul}hg e| g|qdplf doorfdwlrq
lqglfhv ghyhorshg lq wkh wkhru| ri pxowl0duphg edqglwv +Zklwwoh +4<;5,,1 Wkh
lqghshqghqfh vwuxfwxuh lpsolhv lq sduwlfxodu wkdw wkh rughu lq zklfk wkh djhqw
vkrxog sdvv wkurxjk wkh +uhpdlqlqj, mrev lv qrw dhfwhg e| wkh uhprydo ri dq|
sduwlfxodu dowhuqdwlyh m1 Dv d frqvhtxhqfh/ wkh rz frqwulexwlrq ri doo exw wkh
pdwfkhg dowhuqdwlyh duh }hur1
Wkhruhp ;
41 Wkh vwrfkdvwlf mre pdwfklqj prgho kdv d xqltxh wuxwkixo htxloleulxp1
51 Wkh hpsor|lqj sulqflsdo l uhfhlyhv= pl +w , @ yl +w ,  ul +l> w , dqg doo
rwkhu sulqflsdov uhfhlyh pm +w , @ 31
61 Wkh djhqw uhfhlyhv rqo| vsrw zdjhv= u +l> w , @ ul +l> w ,1
Surri1 Vhh Dsshqgl{1
Zlwk lqghshqghqw mrev d pdujlqdo frqwulexwlrq htxloleulxp h{lvwv/ dqg gxh
wr wkh vwuxfwxuh ri wkh rz pdujlqdo frqwulexwlrq/ lw fdq hyhq eh vxvwdlqhg e|
vsrw zdjhv1 Wkh rz pdujlqdo frqwulexwlrq ri wkh h!flhqw hpsor|hu l lv
pl + w , @ yl +w ,  yml + w , . Zl +l>  w ,  Zl +ml >  w , >
zkhuh ml lv wkh h!flhqw pdwfk lq wkh devhqfh ri l1 Wkh rz frqwulexwlrq ri
dq| lqh!flhqw hpsor|hu m lv
pm +w , @ yl + w ,  yl +w , . Zm +l> w ,  Zm +l> w , @ 3>
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vlqfh wkh devhqfh ri m grhvq*w fkdqjh wkh rswlpdolw| ri wkh pdwfk zlwk l lq  w 1
Wkh sd|r iru hpsor|hu l wkhuhiruh frqvlvwv ri wzr sduwv= +l, wkh surgxfwlylw|
glhuhqfh ehwzhhq wkh mre rhuhg e| l dqg wkh qh{w ehvw mre ml / dqg +ll, wkh
lqwhuwhpsrudo frpsrqhqw= Zl +l> w ,  Zl +ml > w ,1 Zlwk lqghshqghqw mrev
Zl +l>  w , @ yml + w , . Zl +ml > w ,/ vlqfh pruh lqirupdwlrq derxw l lv zlwk0
rxw ydoxh zkhq frqvlghulqj wkh rswlpdo pdwfk vwuxfwxuh iru doo mrev exw l1 Vlqfh
wkh ydoxh ixqfwlrqv Z +w , dqg Zl +w , duh frqyh{ lq w gxh wr wkh ydoxh ri
lqirupdwlrq/ lw iroorzv wkdw Zl +l>  w ,  Zl +ml > w , ? 3 dqg khqfh wkh lq0
whuwhpsrudo frpsrqhqw uhsuhvhqwv wkh rssruwxqlw| frvw iru wkh frdolwlrq Lql wr
pdwfk zlwk l udwkhu wkdq zlwk ml 1 Li wkh vhw L frqwdlqv rqo| wzr dowhuqdwlyhv
il> mj/ Zl +l> w ,  Zl +m> w , @ 3 iru doo  w / dqg wkh rz frqwulexwlrq uh0
gxfhv wr wkh vwdwlf surgxfwlylw| glhuhqfhv17 Zh fdq frqfoxgh wkdw wkh rqo|
wudqvihuv dulvlqj lq htxloleulxp duh wkh gluhfw sd|phqwv iurp fxuuhqw hpsor|hu
wr wkh djhqw1 Wkh pdujlqdo frqwulexwlrq htxloleulxp lv wkhuhiruh dovr d vxejdph
shuihfw htxloleulxp ri d jdph zkhuh qr rwkhu wudqvihuv exw zdjh sd|phqwv duh
shuplwwhg1
Lq wklv frqwh{w/ wkh frpprq djhqf| iudphzrun fdq eh uhjdughg dv whfkqlfdo
ghylfh wr dqdo|}h g|qdplf jdphv zlwk d Ehuwudqg w|sh sulflqj vwuxfwxuh1 Wkh
dqdo|vlv ri wkh mre pdwfklqj prgho zlwk L dowhuqdwlyhv lv udwkhu lqwudfwdeoh dv
sulflqj srolflhv +khuh zdjh rhuv, ghshqg rq wkh frqwlqxdwlrq ydoxhv ryhu zklfk
yhu| olwwoh fdq eh vdlg lq jhqhudo1 Lq frqwudvw/ wkh ghwrxu yld jhqhudo uhzdug
vfkhphv doorzv xv wr uvw hvwdeolvk h!flhqf|1 Wkh lqwhuwhpsrudo vwuxfwxuh ri
wkh pdujlqdo frqwulexwlrqv ohdgv lq d vhfrqg vwhs wr wkh frqfoxvlrq wkdw vlpsoh
Ehuwudqg sulfhv +khuh vsrw zdjhv, duh vx!flhqw wr irup wkh htxloleulxp zlwk
wkh vwuxfwxuh hvwdeolvkhg lq wkh uvw vwhs1
Lq wkh frqwh{w ri wkh mre pdwfklqj prgho/ zh frqmhfwxuh wkdw wkh rughu
lqghshqghqfh lq wkh pdwfk irupdwlrq/ zklfk ohdg wr dw prvw rqh qrqwulyldo
rz pdujlqdo frqwulexwlrq ehlqj glhuhqw iurp }hur/ lv dovr d qhfhvvdu| frqgl0
wlrq iru d pdujlqdo frqwulexwlrq htxloleulxp wr h{lvw1 Vlploduo|/ zh h{shfw dq|
7 Wklv

uhvxow lv uvw vwdwhg lq Ehujhpdqq dqg Yçolpçnl +4<<9, dqg iru d frqwlqxrxv prgho

lq Ihool dqg Kduulv +4<<9,1
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htxloleulxp lq vsrw zdjhv wr eh lqh!flhqw zlwkrxw rughu lqghshqghqfh lq wkh
dowhuqdwlyhv1

:

Frqfoxvlrq

Wklv sdshu frqvlghuhg frpprq djhqf| lq d jhqhudo fodvv ri g|qdplf jdphv zlwk
v|pphwulf lqirupdwlrq1 E| irfxvlqj rq Pdunryldq htxloleuld/ d ghwdlohg fkdu0
dfwhul}dwlrq ri wkh htxloleulxp vwudwhjlhv dqg sd|rv zdv srvvleoh iru wklv fodvv
ri jdphv1 Dv lq wkh vwdwlf dqdo|vlv e| Ehuqkhlp dqg Zklqvwrq +4<;9d,/ wkh
olqn ehwzhhq wuxwkixo vwudwhjlhv dqg wkh vrfldo ydoxh ri ydulrxv frdolwlrqv zdv
fhqwudo lq rewdlqlqj wkh uhvxowv1 Lq wkh g|qdplf frqwh{w wkh olqn lv hyhq pruh
ydoxdeoh1 Wkh frqwlqxdwlrq sd|rv zklfk ghwhuplqh wkh fxuuhqw elgglqj vwudwh0
jlhv/ duh wkhpvhoyhv hqgrjhqrxv wr wkh htxloleulxp dqg khqfh ri olwwoh khos lq
ghwhuplqlqj wkh htxloleulxp vwudwhjlhv1 Lq frqwudvw/ wkh pdujlqdo frqwulexwlrqv
duh ghqhg lqghshqghqwo| ri htxloleulxp frqvlghudwlrqv1
Dv wkh uvw sulfh phqx dxfwlrq uhsuhvhqwv d prgho ri frpshwlwlyh elgglqj
ryhu d jhqhudo vhw ri srvvleoh doorfdwlrqv/ wkh prgho suhvhqwhg khuh lv vx!flhqwo|
jhqhudo wr dffrpprgdwh ydulrxv g|qdplf elgglqj jdphv1 Hyhq li wkh vhw ri
ihdvleoh wudqvihuv shuplwwhg e| wkh phqx rhuv lv frqvlghuhg wrr odujh iru vrph
dssolfdwlrqv/ wkh phqx rhuv pd| surylgh dq hvvhqwldo wrro iru vroyh iru dq
htxloleulxp zlwk wudqvihuv ri frqvlghudeo| vpdoohu glphqvlrq/ dv h{hpsolhg
zlwk wkh mre pdwfklqj prgho1
Wkh dqdo|vlv lv ohvv frpsohwh lq lqyhvwljdwlqj wkh qrwlrq ri frdolwlrq0surriqhvv1
Lq wkh vwdwlf hqylurqphqw/ wkh fodvv ri frdolwlrq0surri htxloleuld frlqflghv zlwk
wkh qrwlrq ri wuxwkixo vwudwhj|1 Lq d g|qdplf vhwwlqj/ frdolwlrq0surriqhvv lv edvl0
fdoo| dq h{whqvlrq ri uhqhjrwldwlrq0surriqhvv wr pruh wkdq wzr sod|huv e| uhtxlu0
lqj wkh htxloleulxp wr eh uhqhjrwldwlrq0surri wr vwdeoh frdolwlrqv1 Dv wkhuh lv qr
jhqhudo djuhhphqw rq wkh dssursuldwh qrwlrq ri uhqhjrwldwlrq0surriqhvv hyhq lq
wkh wzr sod|hu fdvh/ zh xvh dq h{whqvlrq ri wkh zhdnhvw qrwlrq ri uhqhjrwldwlrq0
surriqhvv dv ghqhg e| Iduhoo dqg Pdvnlq +4<;<,1 Dq rshq txhvwlrq lq wklv
frqwh{w lv krz glhuhqw qrq0Pdunryldq htxloleuld duh iurp Pdunryldq/ zkhq
6:

zh lqvlvw rq frdolwlrq0surriqhvv1 Vlqfh frpprq djhqf| jdphv kdyh wudqvihudeoh
xwlolw|/ doo lqwhuwhpsrudo xwlolw| wudqvihuv fdq wdnh sodfh lq d vlqjoh shulrg1 Dv
frdolwlrq0surriqhvv ohdgv wr h!flhqw doorfdwlrqv uhodwlyh wr wkh vhw ri ihdvleoh
doorfdwlrqv/ wkh wzr idfwv wrjhwkhu pd| srlqw wr dq htxlydohqfh uhvxow ehwzhhq
Pdunryldq dqg qrq0Pdunryldq frdolwlrq0surri htxloleuld lq g|qdplf jdphv zlwk
wudqvihudeoh xwlolw|1
Zh uhvwulfwhg rxu dqdo|vlv wr v|pphwulf lqirupdwlrq hqylurqphqwv1 Ehuq0
khlp dqg Zklqvwrq +4<;9d,/ krzhyhu/ revhuyhg wkdw lq wkh vwdwlf frqwh{w zlwk
wzr elgghuv iru d vlqjoh jrrg/ wkh sulqflsdov qhw sd|rv duh htxlydohqw wr wkh
htxloleulxp qhw sd|rv ri wkh Juryhv0Fodunh0Ylfnuh| phfkdqlvp zlwk lqfrp0
sohwh lqirupdwlrq1 Uhfhqw zrun e| Gdvjxswd dqg Pdvnlq +4<<;, vkrzhg krz
wkh Juryhv0Fodunh0Ylfnuh| phfkdqlvp fdq eh h{whqghg wr pdq| jrrgv1 Lw lv
dq rshq txhvwlrq iru ixwxuh uhvhdufk wr zkdw h{whqw wkh htxlydohqfh lq wkh sd|0
rv ehwzhhq wkh uvw sulfh phqx dxfwlrq dqg wkh dxfwlrq phfkdqlvp xqghu
lqfrpsohwh lqirupdwlrq fdq eh h{whqghg wr vhtxhqwldo elgglqj sureohpv zlwk
lqfrpsohwh lqirupdwlrq1 Lq wklv frqwh{w/ lw vkrxog eh qrwhg wkdw wkh dv|pphwu|
ri lqirupdwlrq ehwzhhq wkh sulqflsdov lv wr eh glvwlqjxlvkhg iurp wkh dqdo|vlv ri
Ehuqkhlp dqg Zklqvwrq +4<;9e, ru Pduwlpruw +4<<9,/ zkhuh prudo kd}dug ru
dgyhuvh vhohfwlrq lv gxh wr d ehwwhu lqiruphg djhqw1

6;

;

Dsshqgl{

Wklv vhfwlrq frqwdlqv surriv wr doo wkhruhpv dqg sursrvlwlrqv vwdwhg lq wkh pdlq
erg| ri wkh sdshu1
Surri ri Wkhruhp 4141 ++, Vxssrvh wkdw

S

l5V

Pl  PV 1 Vhw ql @ Pl

iru doo l/ dqg e| k|srwkhvlv qV  PV 1 Pruhryhu/ orzhulqj ql iru d vxevhw V/
zlwk l 5 V grhvq*w shuplw wkh lqfuhdvh ri dq| rwkhu qm > m 5
@ V/ dv qm @ Pm lv d
elqglqj frqvwudlqw dqg khqfh xqltxhqhvv iroorzv1
+,, Zh suryh wkh frqwudsrvlwlyh= Li iru vrph V  L/

S

l Pl

A PV / wkhq wkh

htxloleulxp doorfdwlrq lv qrw xqltxh1 Lw lv frqyhqlhqw wr glvwlqjxlvk wzr glhuhqw
fdvhv= +l, iru doo l> V zlwk l 5 V/ Pl  PV / dqg +ll, iru vrph l/ Pl A PV 1 Zh
vwduw zlwk +l, dqg frqvwuxfw wzr glvwlqfw htxloleuld zlwk wkh juhhg| dojrulwkp1
Ghqh q4 / P4 / dqg lq jhqhudo
ql / plq PVl >

iV >l5Vj

zkhuh
PVl @ PV 

[
m5V >m?l

qm >

wkhq rqh fdq yhuli| wkdw wkh lqgxfhg doorfdwlrq iq4 > q5 > ===> qL j lv dq htxloleulxp

doorfdwlrq/ zlwk/ e| k|srwkhvlv/ ql3 ? Pl3 > iru vrph l3 A 41 Frqvlghu qh{w d

shupxwdwlrq  = L $ L vxfk wkdw l3 :$ 41 E| dsso|lqj wkh juhhg| dojrulwkp

wr wkh qhz rughulqj/ zh djdlq rewdlq dq htxloleulxp doorfdwlrq/ exw fohduo|
q+l3 , @ P+l3 , zklfk lv glvwlqfw iurp wkh suhylrxv doorfdwlrq1 Wkh fdvh ri +ll, lv
hyhq hdvlhu1 Vxssrvh zlwkrxw orvv ri jhqhudolw| wkdw iru l @ 4/ Pl A PV 1 Wkhq
vhw
q4 @ plq PV >

iV >45Vj

dqg iru wkh uhpdlqlqj doorfdwlrqv dsso| wkh juhhg| dojrulwkp dv ehiruh1 Wkhq
wkhuh qhfhvvdulo| h{lvwv vrph l3 A 4 zlwk ql3 @ 31 E| d vlplodu shupxwdwlrq 

dv ehiruh/  = L $ L/ dqg  +l3 , @ 4/ zh rewdlq u+l3 , A 3/ dqg kdyh khqfh djdlq
rewdlqhg d glvwlqfw htxloleulxp doorfdwlrq1
51 Wkh fkdudfwhul}dwlrq ql @ Pl iroorzv gluhfwo| iurp wkh surri ri 4=
6<

61 Lw lv vx!flhqw wr suryh wkdw +8, lv d vx!flhqw frqglwlrq iru +7,1 Frqvlghu
vhwv V> W  L/ dqg vxssrvh wkdw +8, krogv/ wkhq zh kdyh iru dq| V4 > V5  V>
V4 _ V5 @ >> V _ W @ >/
PV4 . PV5  PV dqg wkxv
PV4 . PV5 . PW  PV^W 1
Dv zh frqwlqxh wr vsolw xs V dqg W xqwlo zh kdyh frdolwlrqv frqvlvwlqj ri vlqjoh
sulqflsdov rq wkh ohiw kdqg vlgh/ zh rewdlq
[
l5V^W

Pl  PV^W >

zklfk frpsohwhv wkh fodlp1
Surri ri Wkhruhp 5141 E| wkh dvvxpswlrq ri Pdunryldq vwudwhjlhv/ wkh frq0
wlqxdwlrq ydoxhv iru wkh djhqw dqg wkh sulqflsdov ghshqg rqo| rq wkh dfwlrq dw
lqgxflqj wkh wudqvlwlrq iurp  w wr  w.4 1 Wklv lpsolhv e| Wkhruhp 5 dqg 6 ri
Ehuqkhlp dqg Zklqvwrq +4<;9d, h!flhqf|1
51 Wkh htxloleulxp ydoxh ixqfwlrq Yl +w , ri sulqflsdo l duh uhtxluhg wr vdwlvi|
wkh iroorzlqj vhw ri htxdolwlhv/ ;l>
+
Yl +w ,  pd{ y +dw > w ,  f +dw > w , .
dw

L
[
n@3

,
Yn +dw >  w ,

+64,

;
<
?
@
[
Yn +dw > w ,
 pd{ yl +dw > w ,  f +dw > w , .
dw =
>
n9@l

dqg lqhtxdolwlhv ;V  L/
[
l5V

+

Yl +w ,  pd{ y +dw > w ,  f +dw >  w , .
dw

+

L
[
n@3

,
Yn +dw > w ,

 pd{ yV +dw > w ,  f +dw > w , .
dw

[
n5V
@

,
Yn +dw > w , >

Vlqfh doo wkuxwkixo htxloleuld duh h!flhqw e| 41 zh kdyh wkh lghqwlw|=
,
+
L
[
Yn +dw > w , =
Z + w , @ pd{ y +dw >  w ,  f +dw > w , .
dw

n@3
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+65,

Qh{w zh dujxh e| frqwudglfwlrq1 Vxssrvh wkh lqhtxdolw| +48, grhvq*w krog iru
vrph V/ exw wkh lqhtxdolwlhv +64, dqg +65, duh vwloo vdwlvhg1 Wkhq wkhuh <% A 3
vxfk wkdw

[
l5V

dqg d iruwlrul

Yl +w ,  PV + w , A %>

+

Z +w ,  pd{ yV +dw > w ,  f +dw >  w , .
dw

ru htxlydohqwo|
+
Z +w ,pd{ yV +dw > w ,  f +dw > w , .
dw

[
n5V
@

[
n5V
@

+66,
,

Yn +dw >  w ,

 PV + w , A %>

,
Yn +dw > w , pV +w ,PV +d> w , A %>
+67,

zlwk pV +w , dv ghqhg lq +46,1 Vlqfh wkh lqhtxdolw| lq +67, krogv iru wkh
pd{lpl}lqj dw lq +67,/ lw kdv wr krog iru dV dv zhoo/ vr wkdw +67, pd| eh
uhzulwwhq lq wklv lqvwdqfh dv
Z +d> w , 

[
n5V
@

Yn +dV > w , ZV +d> w , . ZV +dV > w , PV +d> w , A %>
+68,

dqg vlqfh
Z +d> w , @ ZV +d> w , . PV +d> w , >
lw iroorzv iurp +68, wkdw
ZV +dV >  w , 

[
n5V
@

%
Yn +dV > w , A >


zklfk lv htxlydohqw wr
[

%
Yl +dV > w ,  PV +dV >  w , A =

l5V

+69,

Exw e| uhshdwlqj wkh dujxphqw/ zklfk zh vwduwhg dw +66,/ lw wkhq iroorzv wkdw
wkh htxloleulxp ydoxh iru wkh vhw V ri sulqflsdov lqfuhdvhv zlwkrxw erxqg dorqj
vrph sdwk +w >  w.4 > ===, zklfk gholyhuv wkh frqwudglfwlrq dv wkh ydoxh ri wkh jdph
lv qlwh1
74

Surri ri Wkhruhp 61 +,, Li wkh wuxwkixo htxloleulxp lv xqltxh/ wkhq wkh
lqhtxdolwlhv zklfk suhvhqw dq xsshu erxqg rq wkh htxloleulxp ydoxh ri hdfk
lqglylgxdo sulqflsdov pxvw eh vdwlvhg dv htxdolwlhv iru doo l dqg doo w / ru
;
<
?
@
[
Yl +w , @ Z +w ,  pd{ yl +dw >  w ,  f +dw > w , .
Yn +dw >  w , =
+6:,
dw =
>
n9@l

Vxssrvh wkhq lq htxloleulxp dw ohdvw rqh sulqflsdo uhfhlyhv d ydoxh ohvv wkdq klv
pdujlqdo frqwulexwlrq/ ru <% A 3 vxfk wkdw
Pl +w ,  Yl +w , A %=

+6;,

Zh qrz dujxh wkdw wkhuh pxvw eh vrph dfwlrq dw vxfk wkdw wkh glvfuhsdqf|
ehwzhhq pdujlqdo frqwulexwlrq dqg htxloleulxp ydoxh lqfuhdvhv vxfk wkdw
%
Pl +dw > w ,  Yl +dw > w , A 1

E| wkh k|srwkhvlv +6;,/ lw pxvw eh wkdw
;
<
?
@
[
pd{ yl +dw >  w ,  f +dw > w , .
Yn +dw > w ,  Yl + w , A %=
dw =
>
n9@l

Vxssrvh lq doo frqwlqxdwlrq jdphv iroorzlqj w dqg dq dfwlrq dw zh kdyh
%
Yl +dw >  w , @ Pl +dw >  w ,  >

wkhq

;
<
?
@
[
dl 5duj pd{ yl +dw >  w ,  f +dw > w , .
Yn +dw >  w ,
=
>
dw
n9@l

dqg wkh iroorzlqj htxdolw| krogv=
yl +dl > w ,  f +dl > w , .

[
n9@l

Yn +dl >  w ,  Yl +w , @ %=

Lw wkhq iroorzv lpphgldwho|/ wkdw wkhuh pxvw eh dw ohdvw rqh dfwlrq dw vxfk wkdw
%
Pl +dw > w ,  Yl +dw > w , A =

E| uhshdwlqj wkh dujxphqw/ zh wkhq frph wr wkh frqfoxvlrq wkdw wkh pdujlqdo
frqwulexwlrqv ri sulqflsdo l jurzv zlwkrxw erxqgv/ vlqfh Yl +dw > w ,  31 Exw wklv
lv d frqwudglfwlrq wr wkh idfw wkdw wkh ydoxh ri wkh jdph lv erxqghg1
75

++, Vxssrvh wkh pdujlqdo frqwulexwlrq htxloleulxp lv d wuxwkixo htxloleulxp/
exw lw lv qrw wkh xqltxh wuxwkixo htxloleulxp1 Lw wkhq iroorzv wkdw iru vrph  w
dqg vrph V> wkh lqhtxdolw|
[
l5V

Yl +w ,  Z +w ,  pd{ iyV +dw > w ,  f +dw > w , . Z +dw >  w ,  Yl +dw > w ,j >
dw

+6<,

krogv dv dq htxdolw| dqg <l 5 V vxfk wkdw Yl +w , ? Pl + w ,1 E| Wkhruhp 5/
Yl +w , A Pl + w , lv lpsrvvleoh1 E| k|srwkhvlv d pdujlqdo frqwulexwlrq htxlole0
ulxp h{lvwv dqg khqfh frqwlqxdwlrq ydoxhv Yl +dw >  w , @ Pl +dw >  w , zrxog vdwlvi|
+6<, dv d vwulfw lqhtxdolw|=
,
+
[
[
Yl +w , ? Z + w ,pd{ yV +dw > w ,  f +dw > w , . Z +dw > w ,  
Pl +dw > w , >
dw

l5V

l5V

Lw wkhq iroorzv wkdw <dw 5 Dw dqg % A 3 vxfk wkdw wkh frqwlqxdwlrq ydoxh ri wkh
sulqflsdov Yl +dw > w , iru l 5 V vdwlvi|
[
l5V

Pl +dw >  w , 

[
l5V

Yl +dw > w , A %@=

+73,

Lw iroorzv wkdw wkhuh lv dw ohdvw rqh vwdwh w.4 zklfk lv uhdfkhg iurp w dqg dw
zlwk vwulfwo| srvlwlyh suredelolw| vr wkdw
[
l5V

Yl +w.4 ,  Z + w.4 , 
+

pd{ yV +dw.4 >  w.4 ,  f +dw.4 > w.4 , . Z +dw.4 >  w.4 ,  
dw.4

[
l5V

,
Yl +dw.4 > w.4 , >

exw e| +73, dqg wkh h{lvwhqfh ri d pdujlqdo frqwulexwlrq htxloleulxp/ lw iroorzv
wkdw <dw.4 5 Dw.4 vxfk wkdw
[
l5V

Pl +dw > w , 

[
l5V

Yl +dw > w , A %@ 5 >

dqg e| uhshdwhgo| dsso|lqj wklv dujxphqw/ zh frqfoxgh wkdw wkh k|srwkhvlv ri
pxowlsoh wuxwkixo htxloleuld ohdgv wr d frqwudglfwlrq/ vlqfh pdujlqdo frqwulexwlrq
dqg htxloleulxp ydoxh duh erwk qhfhvvdulo| qlwh1

76

Surri ri Wkhruhp 71 Wkh surri lv e| frqwudglfwlrq1 Vxssrvh iru vrph V dqg
w / zh kdyh

[
l5V

Pl +w , A PV +w , @ Z +w ,  ZV + w , >

exw wkh lqhtxdolw|
[
l5V

+

Pl + w ,  Z +w ,  pd{ yV +dw > w ,  f +dw >  w , .
dw

vwloo krogv1 Lw wkhq iroorzv wkdw iru vrph % A 3
+
ZV +w ,  pd{ yV +dw > w ,  f +dw > w , .
dw

dqg lq sduwlfxodu iru dw @ dV /

#

ZV +w.4 ,   Z +w.4 , 
ru

[
l5V

[
n5V
@

[
n5V
@

,
Yn +dw >  w , > +74,
,

Yn +dw > w ,

A %>

$
Pl + w.4 ,

A %>

[

%
Pl +w.4 ,  PV +w.4 , A =

l5V

Exw li wkh lqhtxdolw| +74, lv vwloo wr krog lq shulrg w.4/ wkhq lw qhfhvvdulo| iroorzv
wkdw

+

ZV + w.4 ,pd{ yV +dw.4 >  w.4 ,  f +dw.4 > w.4 , .
dw.4

[
n5V
@

,
Yn +dw.4 > w.4 ,

%
A >


dqg dv ehiruh wklv lq wxuq lpsolhv wkdw
[
%
Pl +w.4 ,  PV +w.4 , A 5 =

l5V
E| uhshdwlqj wklv dujxphqw zh frph wr wkh frqfoxvlrq wkdw wkh pdujlqdo frq0
wulexwlrqv ri d {hg vxevhw V ri sulqflsdov jurzv zlwkrxw erxqg zklfk lv d
frqwudglfwlrq wr wkh idfw wkdw wkh ydoxh ri wkh jdph lv erxqghg1
Surri ri Wkhruhp 81 E| Wkhruhp 6 lw vx!fhv wr vkrz wkdw iPl +w ,jl5L
vdwlvi| wkh iroorzlqj vhw ri htxdolwlhv/ ;l>
+
Pl +w , @ pd{ y +dw > w ,  f +dw > w , .
dw

L
[
n@3

,
Yn +dw > w ,

;
<
?
@
[
Yn +dw > w ,
 pd{ yl +dw > w ,  f +dw > w , .
dw =
>
n9@l

77

+75,

dqg lqhtxdolwlhv ;V  L/
[
l5V

+

Pl +w ,  pd{ y +dw > w ,  f +dw > w , .
dw

+

L
[
n@3

,
Yn +dw > w ,

 pd{ yV +dw > w ,  f +dw > w , .
dw

[
n5V
@

+76,
,

Yn +dw > w , >

li dqg rqo| li wkh frqglwlrqv lq +49, duh phw1 E| k|srwkhvlv Yn +dw > w , @
Pn +dw >  w , iru doo n A 31 Iru qrwdwlrqdo hdvh/ zh rplw wkdw dw lv uhvwulfwhg
wr dw 5 D +w ,1 Zh vwduw zlwk wkh vhw ri htxdolwlhv +75,1 Vlqfh doo wkuxwkixo
htxloleuld duh h!flhqw e| Wkhruhp 5 zh kdyh wkh lghqwlw|=
,
+
L
[
Z + w , @ pd{ y +dw >  w ,  f +dw > w , .
Yn +dw > w , =
dw

n@3

Frqvlghu qh{w wkh whup
;
<
?
@
[
Yn +dw > w ,
pd{ yl +dw > w ,  f +dw > w , .
dw =
>
n9@l

zklfk fdq eh zulwwhq dv
pd{ iyl +dw >  w ,  f +dw > w , . Y +dw > w ,  Pl +dw > w ,j @ Zl +w , >
dw

zkhuh wkh htxdolw| iroorzv iurp wkh ghqlwlrq ri wkh pdujlqdo frqwulexwlrq lq +4,
dqg khqfh wkh htxdolw| lq +75, lv vdwlvhg1 Frqvlghu qh{w wkh vhw ri lqhtxdolwlhv
+76,=
[
l5V

+
Pl + w ,  Z +w ,  pd{ yV +dw > w ,  f +dw >  w , .
dw

[
n5V
@

,
Yn +dw >  w , = +77,

Zh ghqrwh wkh vrfldoo| rswlpdo dfwlrq dw @ d dqg dq dfwlrq dw pd{lpl}lqj wkh
surjudp lq +77, e| dV 1 Li iru dq| jurxs V/ dV @ d/ lw iroorzv wkdw
[
pl + w , @ yV +d> w , >
l5V

dqg khqfh wkh jurxs dv dq djjuhjdwh lv qrw pdnlqj dq| qhw frqwulexwlrqv wr
LqV/ dqg +77, lv vdwlvhg1 Vxssrvh qh{w wkdw dV 9@ d/ wkhq +77, lv htxlydohqw
wr
[
l5V

+
Pl +w ,  Z +w ,  pd{ Z + w mdw ,  yV +dw > w , 
dw

78

[
l5V

,
Pl +dw >  w , = +78,

Vlqfh wkh lqhtxdolw| kdv wr krog iru wkh dfwlrq dV zklfk pd{lpl}hv wkh sd|r
lqvlgh wkh eudfnhw/ lw iroorzv d iruwlrul wkdw wkh lqhtxdolw| kdv wr krog iru dq
duelwudu| dfwlrq dw 1 Wkhq zh pd| zulwh +78, dv=
[
l5V

Pl +w ,  yV +dw > w , 

[
l5V

Pl +dw > w ,  Z +w ,  Z +w mdw , >

ru htxlydohqwo|
[
l5V

+Pl + w ,  Pl +w mdw ,,  Z +w ,  Z +w mdw , >

zklfk frpsohwhv wkh surri1
Surri ri Fruroodu| 51 Lw vx!fhv wr vkrz wkh htxlydohqf| ri +49, dqg +4<,1
Wkh lqhtxdolw| +4<, fdq eh zulwwhq h{solflwo| dv=
#
$
,
+
[
[
[
pl +w ,  Z + w , 
Pl +dw > w , pd{ Z +w mdw , 
Pl +dw > w , >
l5V

dw

l5V

zklfk lv htxlydohqw wr
#
pd{ Z +w mdw , 
d

[
l5V

$
Pl +d> w ,

 Z +w , 

l5V

[
l5V

Pl +dw >  w , >

dqg vlqfh wkh htxdolw| krogv iru wkh pd{lpl}lqj dfwlrq dV / lw krogv d iruwlrul
iru doo dw 1
Surri ri Wkhruhp 91 Il{ d vwudwhj| suroh +d> u, dqg wkh dvvrfldwhg vhw ri
frqwlqxdwlrq surohv H1 Wkh yhfwru ri frqwlqxdwlrq sd|rv iru d jlyhq klvwru|
kw lv Y +kw , @ +Y3 +kw , > Y4 +kw , > ===> YL +kw ,,1 Zh ghqh wkh vhw ri doo frqwlqxdwlrq
sd|r surohv lq wkh vwdwh  e| HY +,1 Wkh yhfwru Y +kw , 5 HY +, li  +kw , @ 1
41 Frqvlghu dq PS H +d> u, lq wuxwkixo vwudwhjlhv1 E| wkh Pdunryldq uhvwulfwlrq/
wkh vhw HY +, frqvlvwv ri d vlqjohwrq iru hyhu| 1 Wkh htxloleulxp +d> u, lv
wkhq d g|qdplf frdolwlrq0surri htxloleulxp li lw lv d frdolwlrq surri htxloleulxp
iru hyhu| w dqg dvvrfldwhg +lqwhuwhpsrudo, sd|rv Yl +w , zklfk duh xqltxho|
ghqhg e| wkh vlqjohwrq surshuw| ri HY +,1 Dv wkh htxloleulxp lv wuxwkixo dw  w
zlwk frqwlqxdwlrq sd|rv Yl +dw >  w ,/ lw iroorzv e| Wkhruhp 6 ri Ehuqkhlp dqg
Zklqvwrq +4<;9d, wkdw +d> u, lv dovr d g|qdplf frdolwlrq htxloleulxp1
79

51 Frqvlghu d g|qdplf frdolwlrq0surri htxloleulxp +d> u, lq Pdunry vwudwhjlhv1
Wkh vhw HY +, lv d vlqjohwrq iru hyhu|  e| wkh Pdunry surshuw| ri wkh vwudwhjlhv1
Lw iroorzv wkdw wkh g|qdplf frdolwlrq0surri htxloleulxp lv dovr d frdolwlrq0surri
htxloleulxp iru hyhu| w dqg dvvrfldwhg frqwlqxdwlrq sd|rv Yl +dw > w ,1 E| Wkhr0
uhp 5 dqg 6 ri Ehuqkhlp dqg Zklqvwrq +4<;9d, wkhuh lv d wuxwkixo htxloleulxp dw
w dqg uhodwlyh wr jurvv sd|rv yl +dw >  w ,.Yl +dw > w , dqg f +dw > w ,.Y3 +dw > w ,
zklfk lv sd|r0htxlydohqw1 Dqg vlqfh wkhuh lv d wuxwkixo htxloleulxp dw hyhu|  w /
lw iroorzv wkdw wkhuh lv dq P S H lq wuxwkixo vwudwhjlhv1
Surri ri Wkhruhp :141

E| Wkhruhp 8/ lw lv vx!flhqw wr vkrz wkdw wkh

lqhtxdolwlhv
[
l5V

+Pl +w,  Pl +w mdw ,,  Z +w,  Z +w mdw , > ;w> ;V> ;dw

+79,

duh vdwlvhg1 Wkh dfwlrq dw lv dq| vxerswlpdo wdvn doorfdwlrq dw @ +w4 > w5 > ==> wq ,
zkhuh wl lv wkh wlph ri dsshdudqfh ri dfwlrq frpsrqhqw l dorqj wkh ruljlqdo
h!flhqw vhtxhqfh1 Ohw w4 ? w5 ? === ? wq dqg w +wn ,  w iru doo n @ 4> ===> q dqg
dw ohdvw rqh wn zlwk w +wn , A w1 Qrwlfh wkdw V_ il mWl +wn , 9@ Wl +wn  4, j @ >=
Zlwkrxw orvv ri jhqhudolw|/ ohw w @ 31 Fkrrvlqj wdvn ywn hduolhu wkdq rswlpdo
fkdqjhv wkh wlplqj ri wkh uhpdlqlqj wdvnv dqg zh lqwurgxfh d qhz vhw ri frxqwhuv
wr wudfn wkh prglhg vhtxhqfh vwduwlqj zlwk d3 dqg iroorzhg e| dq rswlpdo
vhtxhqfh1 Ohw
Wa +, / i&n mwn   j
dqg ghqh wkh dffhohudwhg wlph diwhu xvlqj xs + 4 >  5 > ==>  q , lq w @ 3 e|
r
q 

a + , / plq v v  Wa +v, @  >
dqg ghqh dovr iru doo l=
q 
r


a l + , / plq v v  Wa +v,  Wl +v, @  =
Wkh ydoxh Z +3 md3 , lv jlyhq e|
Z +3 md3 , @

q
[
n@4

y wn .

w[
q q
 @3



w+ .q,

7:

ya+ , .

4
[
 @wq .4

 w+ , y >

+7:,

Wkh pdujlqdo frqwulexwlrq ri sulqflsdo l 5 V dorqj wkh sdwk wkdw vwduwv zlwk d3
lv=
Pl +3 md3 , @

w[
q q
 @3

4
[




 w+ .q, ya+ ,  yal + , .
 w+ , y  yl + , =
 @wq .4

+7;,

Xvlqj +55,0+57, dqg +7:,0+7;,/ lqhtxdolw| +79, fdq eh zulwwhq dv=
wq
[



 @3

 w+  , y  

q
[
n@4

y n 

w[
q q
 @3

 w+ .q, ya+ ,

$
#w
q
q q
[ [
 w[

w+  , 
w+ .q, 
y  yl + , 
ya+ ,  ya l + , =


l5V

 @3

+7<,

 @3

Qrwlfh uvw wkdw
Wl +wq , @ 3 , Pl +3, @ Pl +3 md3 , >
zklfk doorzv xv wr wuxqfdwh wkh sureohp dw  q 1 Pruhryhu iru doo l zlwk Wl +wq , A
3/ lw iroorzv iurp +57, dqg +7;, wkdw Pl +3,Pl +3 md3 ,  31 Zh fdq wkhq fkrrvh
V zlwkrxw orvv ri jhqhudolw| wr eh pd{lpdo/ ru V @ Lq il mWl +wn , 9@ Wl +wn  4, j1
Ghqh wkh wuxqfdwhg ydoxh ixqfwlrq e|=
a +3, /
Z
zkhuh

;
? y
yaa+ , /
= 3>

wq 
Wa+wq ,
[
 @3

 w+ , yaa+ , >

li w + , @ w +a
 + ,, >
li w + , 9@ w +a
 + ,, =

+83,

+84,

Lq wkh wuxqfdwhg surjudp/ zh qhhg wr wudfn rqo| wkh frqwulexwlrq ri sulqflsdo
l zklfk lv qrw htxdo wr }hur dffruglqj wr +84, dv doo rwkhu hohphqwv fdqfho rxw1
a l +3, diwhu h{foxglqj wkh sulqflsdo l lv ghqhg vlploduo|=
Wkh wuxqfdwhg ydoxh Z
a l +3, /
Z
zkhuh

 q Wl +[
 q ,Wa+ q ,

;
? y

a l + ,
yaal + , /
= 3>

 @3

 w+ , yaa l + , >

 4

li w + , @ w 
l, >
l +a
 4

li w + , 9@ w 
l, >
l +a
7;

+85,

4  l , lghqwlhv wkh wlph dw zklfk wkh dowhuqdwlyh
zkhuh wkh lqyhuvh ixqfwlrq 
l +a
4  ,1 Xvlqj wkh

a l lv uhdol}hg lq wkh prglhg surjudp uhodwlyh wr  @ 
a
l
l +a

wuxqfdwhg ydoxh ixqfwlrqv lqwurgxfhg lq +83, dqg +85,/ zh fdq uhzulwh lqhtxdolw|
+7<, dv=
a +3, 
+4  , Z

[
l5V

q 

[
4   w+wn , ywn

n@4

#

q
q
[
[
a l +3, 
a +3, .
 w+wn , ywn  +4  , Z
 w+wn Wl +wn ,, ywn
+4  , Z
n@4

$

n@4

dqg diwhu glylglqj e| +4  , dqg froohfwlqj whupv ixuwkhu zh jhw
a +3, 
Z

[
l5V

q
[
4   w+ w n ,
n@4

4

yw n

3
a +3,  Z
a l +3, 
CZ



q
4   w+Wl +wn ,,  w+ n Wl +wn ,,
[
n@4

4

4

+86,

y n D =

a +3,  Z
a l +3, lv vlpso| wkh wuxqfdwhg pdujlqdo frqwulexwlrq P
a l +3,
Wkh whup Z
zklfk fdq eh uhsuhvhqwhg e| wkh wuxqfdwhg rz pdujlqdo frqwulexwlrqv=
a l +3, @
P

wq 
Wa+wq ,
[
 @3

 w+  , p
a l +a
 + ,,

+87,

zklfk duh ri wkh iroorzlqj irup=
p
a l +a
 + ,, @

wq Wl[
+wq ma+ , ,
v@a
 + ,



 w+v,w+a + ,, yal +vma+ ,.4,  yaa l +vma+ , ,

zlwk wkh orfdol}hg frxqwhu=
q 
r


a l + m , / plq v v  Wl +v m ,  Wa +v m , @  >
dqg wkh rz ydoxhv ghqhg e|
;
? y

a l + ma+ , ,
ya l + ma+ , , /
= 3>

7<

li w +, @ w +a
 +,, >
li w +, 9@ w +a
 +,, >

+88,

dqg

;
? y

a l + ma+ , ,
yaa l + ma+ , , @
= 3>

 4

li w +, @ w 
l , >
l +a
 4

li w +, 9@ w 
l , =
l +a

Wkh glhuhqfh ehwzhhq ya l +, dqg yaa l +, lv wkdw wkh fdqfhoohg whupv dulvh lq
wkh uvw h{suhvvlrq iurp wkh surjudp zlwk doo sulqflsdov dqg lq wkh vhfrqg
whup iurp wkh surjudp zlwk doo sulqflsdov exw l1 Iru dq| jlyhq a + , zlwk
a +, @ 
a l +a
 + , ma
 + , ,/ lw lv yhulhg wkdw p
a l +a
 + ,, @ 31 Khqfh iru dq duelwudu|
vhw V/ dq| ya+ , pdnhv dw prvw rqh qrqwulyldo frqwulexwlrq1 Rq wkh rwkhu kdqg/
iru dq|  zlwk a +, ? 
a l +a
 + , ma
 +, ,/ p
a l +a
 + ,, fdq eh uhsuhvhqwhg e| d vxp
ri wkh irup

O
[
 qo +|o  |o.4 ,

+89,

o@3

zlwk wkh iroorzlqj surshuwlhv= +l, |o  |o.4 / +ll, |3 @ y / +lll, |O  y q Wl + q ma+ , , /
+ly, |O.4 @ 3/ +y, q3 @ 3/ dqg +yl, qo  qo.4 1 Doo surshuwlhv iroorz gluhfwo| iurp
+88, dqg wkh idfw wkdw wkh rswlpdo vhtxhqfh y kdv ghfuhdvlqj ydoxhv1 Frqvlghu
wkhq wkh ukv ri +86, diwhu lqvhuwlqj +87,=
wq 
Wa+wq ,
[
 @3

 w+ , pa+ , +a
 +,, 



q
4   w+Wm +wn ,,  w+wn Wm +wn ,,
[
n@4

4

ywn =

Lw wkhq iroorzv wkdw zlwk hyhu| pa+ , +a
 + ,, rq wkh uljkw kdqg vlgh ri +86, zh
fdq dvvrfldwh d vhtxhqfh ri srvlwlyh exw lqfuhdvlqjo| glvfrxqwhg glhuhqfhv ri wkh
irup glvsod|hg lq +89, zkhuh |O.4 lv uhsodfhg e| yan zlwk an @ plq iwn mwn A a + , j1
Wklv uhsuhvhqwdwlrq h{kdxvwv wkh ukv ri +86,1 Exw iru hyhu| y dqg dvvrfldwhg
whupv rq wkh ukv zh fdq qg rqh dqg rqo| rqh whup  w+ , +y  yan ,  3 rq wkh
okv/ zklfk zhdno| grplqdwhv hyhu| fruuhvsrqglqj whup rq wkh ukv dqg khqfh wkh
lqhtxdolw| iroorzv1
51 dqg 61 Wkh sd|r fkdudfwhul}dwlrq iroorzv lpphgldwho| iurp Wkhruhp 5
lq frqmxqfwlrq zlwk Wkhruhp 61
Wkh surri ri Wkhruhp ; lv idflolwdwhg e| uvw surylqj wkh uhvxow iru wkh
ghwhuplqlvwlf prgho1 Wkh vwrfkdvwlf yhuvlrq lv wkhq vkrzq e| uvw fuhdwlqj d
ghwhuplqlvwlf yhuvlrq iru hyhu| vdpsoh sdwk $/ zklfk vdwlvhv doo wkh surshuwlhv
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ri wkh ghwhuplqlvwlf prgho/ dqg wkhq vkrzlqj wkdw doo wkh lpsruwdqw surshuwlhv
duh suhvhuyhg zkhq wdnlqj h{shfwdwlrqv1
Frqvlghu wkh iroorzlqj ghwhuplqlvwlf pdwfklqj sureohp1 Hdfk sulqflsdo l
kdv dq hpsor|phqw rssruwxqlw| iru wkh djhqw1 Wkh surgxfwlylw| ri wkh djhqw lq
wkh mre rhuhg e| sulqflsdo l lv yl +Wl ,/ zkhuh Wl lv qxpehu ri wlphv wkh djhqw
suhylrxvo| zrunhg zlwk wkh sulqflsdo1 Wkh surgxfwlylw| yl +, lv dq duelwudu|
ixqfwlrq ri sdvw klvwru| Wl zlwk wkh sulqflsdo l1 Lq sduwlfxodu zh grq*w dvvxph
prqrwrqlflw| lq Wl 1 Wklv prgho lv d ghwhuplqlvwlf yhuvlrq ri pxowl0duphg edqglw
prgho1 Wkh rswlpdo srolf| lv dq lqgh{ srolf|/ zkhuh wkh lqgh{ !l +Wl , lv jlyhq
e|

% S
!l +Wl +w,, @ pd{




&

+vWl , y +v, 
l

v@Wl 
 Wl +w,
S
+
vWl ,

v@Wl 

=

+8:,

Wkh dowhuqdwlyh l zklfk kdv wkh kljkhvw lqgh{ dw W +w, @ +W4 +w, > ===> WL +w,,=
! +w, / pd{ i!l +Wl +w,,j
l5V

+8;,

lv vhohfwhg1 Vhh Zklwwoh +4<;5, ru Ndudw}dv +4<;7, iru pruh ghwdlov1
Wkhruhp <
41 Wkh ghwhuplqlvwlf mre pdwfklqj prgho kdv d xqltxh wuxwkixo htxloleulxp1
51 Wkh hpsor|lqj sulqflsdo l uhfhlyhv= pl +w , @ yl +w ,  ul +l> w , dqg doo
rwkhu sulqflsdov/ m 9@ l/ uhfhlyh pm + w , @ 31
61 Wkh djhqw uhfhlyhv rqo| vsrw zdjhv= u +l> w , @ ul +l> w ,1
Dv wkh surri lv udwkhu ohqjwk|/ d eulhi ryhuylhz lv jlyhq uvw1 Dw wkh fhqwhu ri
wkh surri duh wzr lqqlwh vhtxhqfhv/ rqh jhqhudwhg e| wkh rswlpdo surjudp/ wkh
rwkhu e| wkh surjudp zlwk d vlqjoh ghyldwlrq1 Wkh lqhtxdolw| wr eh hvwdeolvkhg
lv ehwzhhq wkh glhuhqfh ri wkhvh wzr vhtxhqfhv/ Z +w,  Z +w mdw ,/ dqg d vxp ri
S
glhuhqfhv/ jhqhudwhg e| wkh vdph vhtxhqfhv/ l5V +Pl +w,  Pl +w mdw ,,1 Khuh
hdfk lqglylgxdo whup/ Pl +w, ru Pl +w mdw , lv e| lwvhoi d glhuhqfh edvhg rq ri wkh
vhtxhqfhv/ uhvshfwlyho|/ dqg dq dffhohudwhg yhuvlrq ri wkh vdph vhtxhqfh1 Dv
Pl +w, @ Z +w,  Zl +w,/ wkh dffhohudwlrq lv gxh wr wkh uhprydo ri wkh l  wk
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dowhuqdwlyh1 Zh wkhq xvh +lq wklv rughu, wkuhh surshuwlhv ri wkh rswlpdo srolf|/
dqg wkh dwwhqgdqw lqgh{ fkdudfwhul}dwlrq wr hvwdeolvk wkh lqhtxdolw|= +l, e| wkh
lqgh{ srolf|/ wkh rughu/ exw qrw wkh wlph/ lq zklfk wkh dowhuqdwlyhv duh xvhg
duh lghqwlfdo lq wzr vhtxhqfhv iru doo dowhuqdwlyhv exw wkh rqh zklfk vwduwv wkh
prglhg vhtxhqfh> +ll, wkh ydoxhv ri dq| xqlqwhuuxswhg vhtxhqfh ri dowhuqdwlyh l
fdq eh uhsodfhg e| d frqvwdqw/ zklfk lv +doprvw, lwv lqgh{> +lll, wkh lqglfhv dorqj
wkh rswlpdo sdwk/ frpsxwhg h{foxvlyho| dw wkh vzlwfklqj wlphv/ duh ghfuhdvlqj1
Surri ri Wkhruhp <14 E| Wkhruhp 8/ lw lv vx!flhqw wr vkrz wkdw wkh lqhtxdo0
lw|

[
l5V

+Pl +w,  Pl +w mdw ,,  Z +w,  Z +w mdw , > ;w> ;V> ;dw >

+8<,

lv vdwlvhg1 Zlwkrxw orvv ri jhqhudolw|/ dvvxph wkdw w @ 31 Frqvlghu wkh rs0
wlpdo srolf| d dqg wkh prglhg srolf| d
a1 Wkh prglhg srolf| vwduwv zlwk dq
dvvljqphqw d
a +3, @ n zlwk !n +3, ? ! +3,/ exw wkhuhdiwhu frqwlqxhv rswlpdoo|1
Ghqh wkh frxqwhuv Wl +w, @ i&v md +v, @ l> v  w j dqg Wal +w, @~&v ma
d +v, @ l/ v  w 1
Iru hdfk dowhuqdwlyh l/ zh ghqh vzlwfklqj wlphv dorqj surjudp d dqg d
a e| vwduw0
lqj wlphv=

ulq @ plq w d +w, @ l> w A ulq4 > iru q @ 3> 4> === dqg ul4 @ 4=
dqg vwrsslqj wlphv=
ulq @ plq iw md +w . 4, 9@ l> w  ulq j > iru q @ 3> 4> ===
Vlplodu wlphv duh ghqhg iru wkh surjudp d
a/ zlwk wkh dgglwlrqdo uhvwulfwlrq wkdw
um3 A 3 iru doo m/ dv zh vwduw wr frxqw vzlwfklqj wlphv rqo| dorqj wkh rswlpdo
frqwlqxdwlrq sdwkv1 Frqvlghu qh{w wkh dowhuqdwlyh n dqg lwv uvw xvh ehwzhhq
un3 dqg un3 lq wkh rswlpdo surjudp1 Zlwkrxw orvv ri jhqhudolw|/ vxssrvh wkdw
wkh lqgh{ dw un3 lv jlyhq e|=
S

+vun3 , y +v,
l

v@un3 
S
v@un3

! +un3 , @ !n +un3 , @

 +vun3 ,

zlwk  @ un3 1 Li wkh pd{lpdo lqgh{ lv rewdlqhg zlwk  ? un3 / wkhq zh vlpso|
fuhdwh d qhz vzlwfklqj wlph dw  vr wkdw lqvwhdg ri d vlqjoh lqwhuydo un3 > ===> un3 /
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zh rewdlq wzr lqwhuydov ryhu zklfk zh hpsor| n zlwkrxw lqwhuuxswlrq/ qdpho|
un3 > ===> un3

dqg un4 > ===> un4

zlwk un3 @ un3 / un3 @  / un4 @  . 4/ un4 @ un3 1

Lq wkh odwhu fdvh/ zh vlpso| qhhg wr uhsodfh doo dujxphqwv lqyroylqj un3 dqg un3
e| un3 dqg un3 1
E| wkh rswlpdolw| ri wkh lqgh{ srolf|/
yw @ yaw iru doo w  un3 =

+93,

Zh fdq wkhuhiruh uhvwulfw rxu dwwhqwlrq wr w  un3 1 Qrwlfh wkdw un3 pd| eh
lqqlwh1 Pruhryhu/ wkh rswlpdo rughu ri hpsor|phqw dprqj doo dowhuqdwlyhv exw
n uhpdlqv xqfkdqjhg zkhq frpsdulqj wkh rswlpdo vhtxhqfh wr d
a1 Irupdoo|/ iru
doo w zlwk d
a +w, 9@ n> zh kdyh
yaw @ ywWan +w, >

+94,

dqg wkxv doo whupv lqyroylqj l 9@ n dsshdu dovr wkh prglhg surjudp/ rqo| odwhu1
Ehiruh zh suryh wkh lqhtxdolw| +8<, zh uhzulwh Z +3, dqg Z +3 mn , wr idflol0
wdwh wkh surri1 Frqvlghu wkh prglhg surjudp d
a1 Zlwkrxw orvv ri jhqhudolw| zh
fdq uhghqh yaw wr eh yaw / yalq iru doo wa 5 ualq > ===> ualq

zkhuh



ulq , >
! ualq . 4  yalq  ! +a
dqg

ualq
ualq
[
[
wualq

yaw @ yalq
 wualq =

w@a
u lq

w@a
u lq

Wklv rshudwlrq dfklhyhv d frqvwdqw sd|r ehwzhhq ualq dqg ualq zkloh suhvhuylqj
wkh ydoxh froohfwhg ehwzhhq vwduwlqj wlph ualq dqg vwrsslqj wlph ualq 1 Revhuyh

dovr wkdw wkh prglhg vhtxhqfh glvsod|v sd|rv zklfk duh zhdno| ghfuhdvlqj lq
wlph/ vlqfh wkh vhtxhqfh ri rswlpdo doorfdwlrq lqglfhv ! +, lv zhdno| ghfuhdvlqj
lq wkh vwduwlqj wlphv un3 ? === ? ulq ? ===> exw qrw qhfhvvdulo| lq wlph w1 Dvvljq
wkh vdph ydoxhv lq wkh rswlpdo surjudp d e| xvlqj wkh lghqwlw| +94, dqg wr wkh
ydoxhv yw zlwk d +w, @ n e| wkh reylrxv uhodwlrqvkls ri yw @ yanq li d +w, @ n> dqg
 
Wan +unq ,  Wn +w,  Wan unq 1 Qrwlfh wkdw wkh uhdvvljqphqw grhvq*w dhfw wkh
pdujlqdo frqwulexwlrqv Pl +3, ru Pl +3 mn , hlwkhu dv wkh| duh mxvw rewdlqhg e|
glhuhqflqj wkh uhvshfwlyh vrfldo ydoxh ixqfwlrqv1 Ilqdoo|/ zh qrupdol}h doo rz
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ydoxhv e| vxewudfwlqj ! +un3 , iurp hdfk rz ydoxh1 Zh zrun lq wkh iroorzlqj
gluhfwo| zlwk wkhvh qrupdol}hg ydoxhv yalq zklfk duh zhdno| srvlwlyh iru yw > yaw
zlwk w ? un3 1

Frqvlghu qh{w wkh lqhtxdolw| +8<,=
Z +3, 

[
l5V

Pl +3,  Z +3 mn , 

[
l5V

Pl +3 mn , >

+95,

Wkh rz pdujlqdo frqwulexwlrqv duh
pl +w, @ 3 li d +w, 9@ l/
dqg
pl +w, @

4
[


 vw yl +vmw.4,  yl +vmw , > li d +w, @ l/
v@w

+96,

+97,

zlwk wkh frqyhqwlrq wkdw yl +wmw.4, @ yw / dqg vlploduo| iru wkh surjudp d
a iru doo
w A 31 Wkh ghqlwlrq ri l +v mw , lv dv lq +56,1 Xvlqj +96, dqg +97,/ zh fdq zulwh
wkh lqhtxdolw| +95, dv

4 
4 
[
 [

 w yw  pd+w, LV +d +w,, 
 w yaw  pda+w, LV +a
d +w,,
w@3

w@3

+98,

zlwk wkh lqglfdwru ixqfwlrq

;
? 3 li d +w, 5
@ V>
LV +d +w,, @
= 4 li d +w, 5 V=

E| +93,/ lw iroorzv wkdw wkh pd{lpdo vhw qhfhvvdu| wr frqvlghu lv jlyhq e|
kl 5 Vl / k<w> w ? un3 > d +w, @ ll/ dqg khqfh wkh lqhtxdolw| +98, lv htxlydohqw
wr

n

n

w@3

w@3

u 3
u 3
[


 [

 w yw  pd+w, LV +d +w,, 
 w yaw  p
a da+w, LV +a
d +w,, =

+99,

Frqvlghu wkhq d sduwlfxodu hqwu|
yaw  p
a da+w, +w,
zlwk d
a +w, 9@ n1 E| +94,/ zh nqrz wkdw wkhuh lv d fruuhvsrqglqj hohphqw


ywWan +w,  pd+wWan +w,, w  Wan +w,
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+9:,

rffxuulqj vrph Wan +w, shulrgv hduolhu1 Xvlqj +97,/ +9:, fdq eh zulwwhq dv
a da+w, @ +4  ,
yaw  p

4
[
 vw yda+w, +vmw , >
v@w

dqg vlploduo| iru d1 Krzhyhu gxh wr +93,/ zh fdq djdlq wuxqfdwh wkh lqqlwh
vhulhv dv iroorzv1 Iru dq| w dqg w  Wan +w, lq wkh prglhg dqg ruljlqdo sureohp/
uhvshfwlyho|/ wkhuh h{lvwv dq vaw dqg vw ghqhg e|=

vaw / plq v  da+w, +v mw , A un3 >
dqg

 
r
q 



vw / plq v  d+wWan +w,, v w  Wan +w, A un3 =

E| +93,/ lw iroorzv wkdw

4
4
[
[
 vw yd+w, +vmw , @
 vw yda+w, +vmw , =

v@vw

v@vwa

+9;,

Khqfh zkhq frqvlghulqj wkh lqhtxdolw| +99,/ zh fdq qrw rqo| wuxqfdwh wkh frp0
sdulvrq dw un3 / exw dovr wkh glhuhqfhv lq wkh rz ydoxhv ri wkh pdujlqdo frqwul0
exwlrq fdq eh h{foxvlyho| dwwulexwhg wr sd|r glhuhqfhv ehiruh un3 1 Vxppd0
ul}lqj/ zh fdq zulwh +99, dv

n

+4  ,

+4  ,

u 3
[
w@3
un3

[
w@3

LV +d +w,,

LV +a
d +w,,

v[
w 4
v@w
v[
wa4
v@w



vw

n

u 3
[
yd+w, +vmw , .
 w +yw +4  LV +d +w,,,,
w@3

 vw yda+w, +vmw , .

+9<,

un3

[ w
 +a
ywa +4  LV +d +w,,,,
w@3

Revhuyh qh{w wkdw zkhq frpsdulqj fruuhvsrqglqj hohphqwv

a 
 wWn +w, ywWan +w,  pd+wWan +w,, @ +4  ,
dqg

vw
[
v@wWan +w,

 v yd+wWa +w,, +vmw , >
n

vaw
[


a da+w, @ +4  ,
 v yda+w, +vmw , >
 w yaw  p
v@w
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+:3,

+:4,



wkh suhfhghqfh rughu +94, vwloo krogv iru d
a da+w, +v mw , 9@ n1 Iru hyhu|  v yda+w, +vmw ,

a
lq +:4,/ wkhuh lv d  vWn +v, y

d+vWan +v,, +vWan +v,mw , lq +:3, vxfk wkdw

yda+w, +vmw , @ y

d+vWan +v,, +vWan +v,mw , 1

Khqfh lw iroorzv wkdw li zh vhw yaw @ 3 iru doo w  un3 dqg d
a +w, 9@ n/ dqg wkh
lqhtxdolw| +9<, vwloo krogv/ wkhq lw krogv d iruwlrul zlwk wkh ruljlqdo yaw  31 Wkxv
vxssrvh zh gr vhw wkhp }hur1 Wkhq wkh okv ri +9<, lv htxdo wr }hur/ zkhuh
zh uhfdoo wkh hduolhu qrupdol}dwlrq1 Wkh ukv fdq eh uhzulwwhq diwhu glylglqj e|
+4  , dv

n

u 3
[
w@3

LV +a
d +w,,

v[
wa4
v@w



vw

n

u 3

 
 [
w
+a
ya +4  LV +d +w,,,, >
a  da+w, +v mw , .
yda+w, +vmw , 4  LV d
4 w
w@3
+:5,

zkhuh doo exw wkh wulyldo whupv duh uhdol}dwlrqv ri wkh n  wk dowhuqdwlyh lq irup
ri glhuhqw jhrphwulf vhulhv1 Ohw wa3 > wa4 > ===> waN eh wkh wlphv dw zklfk dowhuqdwlyh
n lv uhdol}hg ehwzhhq 3  w  un3 / dqg ghqrwh e| yawa3 > yawa4 > ===> yawaN wkh ydoxhv dw
wkhvh wlphv1 Wkhq +:5, fdq eh uhzulwwhq dv
un3 4 N
[ [
w@3 n@3

zlwk

  +w>n, yawan .

N un3 .n
[

n@3

yaa =
4   wn

;


?  n +w,  Wan +n +w,,  n > li wan ?  n +w, >
 +w> n, @


= wa  W
v
d
a+n +w,, wav mn +w, / li wan A  n +w, 1

+:6,

+:7,

Qrwlfh wkdw wkh vhfrqg whup lv htxdo wr }hur dv lw lv mxvw wkh qrupdol}hg vh0
txhqfh ri uhdol}dwlrqv ri n ehwzhhq un3 dqg un3 lq wkh ruljlqdo surjudp pxo0
wlsolhg 4@ +4  ,1 Wkh grxeoh vxp rq wkh rwkhu kdqg lv wkh vdph vhtxhqfh ri
uhdol}dwlrq/ exw sxqfwxuhg dv uhdol}dwlrqv ri n duh iuhtxhqwo| lqwhuuxswhg e|
qrz uhdol}dwlrqv1 Exw dq| vxfk sxqfwxuhg vhulhv qhfhvvdulo| vdwlvhv
N
[
  +w>n, yawan  3>
n@3

+:8,

dv wkh kljkhvw dyhudjh glvfrxqwhg sd|r lv dfklhyhg e| d vhtxhqfh vwduwlqj zlwk
wkh vhtxhqfh iurp yw3 wr ywN / lqfoxglqj lq sduwlfxodu ywN 1 Wkxv dq| ghod|/ zklfk
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lq sduwlfxodu srvwsrqhv wkh uhdol}dwlrq ri yawaN kdv d vpdoohu dyhudjh glvfrxqwhg
sd|r wkdq wkh ruljlqdo vhtxhqfh/ dqg dv wkh ruljlqdo vhtxhqfh zdv qrupdol}hg
wr eh }hur/ wkh lqhtxdolw| +:8, iroorzv lpphgldwho|1 Exw wkhq zh frqfoxgh wkdw
wkh ukv lv qrqsrvlwlyh/ dqg khqfh wkh lqhtxdolw| +9<, iroorzv/ zklfk frqfoxghv
wkh surri1
51 dqg 61 Wkh sd|r fkdudfwhul}dwlrq iroorzv lpphgldwho| iurp Wkhruhp 5 lq
frqmxqfwlrq zlwk Wkhruhp 61
Zh duh qrz suhsduhg wr suryh Wkhruhp ;1 Xqohvv qrwhg rwkhuzlvh/ wkh
qrwdwlrq fduulhv ryhu iurp Wkhruhp <1
Surri ri Wkhruhp ;141 Il{ d vdpsoh sdwk $ 5

1 Iru hyhu| $/ wkh rswlpdo

srolf| lqgxfhv d vhtxhqfh ri mrev d +w, / d +w +$,, dqg ydoxh uhdol}dwlrqv y +w, /
yd+w+$,, +w +$,, dqg vlplodu iru dq| prglhg surjudp d
a1 Iru hyhu| $/ zh fuhdwh
dq dvvrfldwhg vhtxhqfh ri ghwhuplqlvwlf ydoxhv yw dqg yaw 1 Qhlwkhu wkh rz ydoxhv
ri wkhvh vhtxhqfhv qru wkhlu djjuhjdwh glvfrxqwhg ydoxhv duh qhfhvvdulo| lghqwlfdo
wr wkhlu vdpsoh sdwk uhdol}dwlrqv xqghu $1 Ghqrwh wkh djjuhjdwh ydoxh ri vxfk d
ghwhuplqlvwlf vhtxhqfh dvvrfldwhg zlwk $ e| Z +$,1 Wkhvh qhz vhtxhqfhv kdyh
wzr lpsruwdqw surshuwlhv= +l, hdfk $ lv dvvrfldwhg zlwk d ghwhuplqlvwlf pxowl0
dup edqglw sureohp dv ghqhg lq +8:, dqg +8;,/ +ll, wkh vrfldo ydoxh Z +3, ri
wkh ruljlqdo pdwfklqj prgho vdwlvhv=
]
Z +3, @
Z +$, gs3 +$, /
zkhuh s3 +$, lv wkh sulru ryhu wkh vdpsoh vsdfh

+:9,

1 Lw lv vx!flhqw wr vkrz wkdw

zh fdq frqvwuxfw vxfk vhtxhqfhv vdwlvi|lqj +l, dqg +ll, wr suryh +4,1 Wkhruhp
< vkrzv wkdw dq| prgho vdwlvi|lqj +l, kdv d xqltxh wuxwkixo htxloleulxp/ dqg
li wkh prgho vdwlvhv +8<, iru hyhu| vdpsoh srlqw $/ wkhq lw lv dovr vdwlvhg lq
h{shfwdwlrq li frqglwlrq +ll, lv vdwlvhg1
Zh ehjlq wkh frqvwuxfwlrq zlwk wkh prglhg surjudp d
a1 Wkh frqvwuxfwlrq
uholhv rq wkh fkdudfwhul}dwlrq ri wkh rswlpdo srolf| e| wkh g|qdplf doorfdwlrq
lqgh{1 Wkh rswlpdo srolf| lv wr vhohfw wkh dowhuqdwlyh zlwk wkh kljkhvw lqgh{/

8:

 
zkhuh wkh lqgh{ !l  lw ri dowhuqdwlyh l> lv jlyhq e|
 
S
H
 vw yl +v, Iwl
v
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w
S
!l +w, @ pd{
vw  l  >

Iw
H
v@w 

+::,

dqg Iwl lv wkh lqirupdwlrq +owudwlrq, lq shulrg w rq wkh dowhuqdwlyh l1
Il{ $1 Iru hyhu| $ wkh ghflvlrq pdnhu lv fkrrvlqj dq rswlpdo dfwlrq jlyhq
Iwl +$,1

Frqvlghu qh{w dq duelwudu| vzlwfklqj wlph w zkhuh d
a +w, @ l/ exw

d
a +w  4, 9@ l1 Vlqfh wkh uvw fkrlfh xqghu d
a lq shulrg 3 lv qrw rswlpdo/ zh
frqvlghu w @ 4 dv d vzlwfklqj wlph dv zhoo hyhq li d
a +3, @ d
a +4,/ zkhuhdv w @ 3 lv
qrw frqvlghuhg dv d vzlwfklqj wlph1 E| wkh rswlpdolw| ri wkh lqgh{ fulwhulrq/ lw
iroorzv wkdw
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iru doo m 9@ l1 Frqvlghu qrz doo $3 zlwk Iw +$3 , @ Iw +$, dqg ghqrwh wkh vhw
+$, @ i$ 3 5

e|

mIw +$3 , @ Iw +$, j1 Qh{w zh frqwudvw wkh vwrsslqj wlph 

zklfk pd{lpl}hv +::, zlwk wkh udqgrp wlph a zklfk lv wkh ghqhg wr eh wkh
odvw wlph wkh rswlpdo srolf| hpsor|v l ehiruh lw vzlwfkhv wr dqrwkhu dowhuqdwlyh
m lq shulrg a . 41 E| wkh ghqlwlrq ri wkh lqgh{ srolf| lw iroorzv wkdw   a=
Ghqh wkh h{shfwhg dyhudjh ydoxh ryhu doo $3 5 +$, xqwlo a dv
l
kS
a
vw
yl +v, mIw +$,
H
v@w 
kS
l =
yaw /
a
vw
H
mIw +$,
v@w 

+:;,

E| frqvwuxfwlrq/ yaw lv wkhq eudfnhwhg e|
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Qrz zh uhsodfh wkh uhdol}hg sd|r iru wkh vdpsoh sdwk $ 3 ehwzhhq w +$ 3 , dqg

a +$3 , e| wkh frqvwdqw yaw / iru doo $ 3 5

+$,1

Wklv rshudwlrq fkdqjhv wkh

+h{shfwhg, sd|r iru hyhu| vdpsoh sdwk/ exw wkh +h{shfwhg, sd|r dfurvv doo
$3 5
]

+$, uhpdlqv xqfkdqjhg/ ru
3
4
a+$3 ,
]
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E
F
vw
3
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v@w
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E
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 vw D gs3 +$3 , =
C
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+;3,

E| shuiruplqj wklv vxevwlwxwlrq iru doo vzlwfklqj wlphv/ wklv surfhvv dvvljqv ydo0
xhv iru wkh prglhg surjudp d
a/ zklfk duh zhdno| ghfuhdvlqj ryhu wlph1 Frqvlghu
wkhq wkh rswlpdo surjudp d dqg lwv vhtxhqfh ri ydoxh uhdol}dwlrqv1 Wkh vhtxhqfh
yw lv ghulyhg iurp wkh vhtxhqfh yaw e| vhwwlqj
G

H
G
H
yv / yaw / Wan +w, @ Wn +v, > Wan +w, 9@ Wan +w  4, > Wn +v, 9@ Wn +v  4, >

iru doo w zlwk Wn +w,  Wan +w,/ dqg rwkhuzlvh yw / yaw 1 Ilqdoo|/ zh qhhg wr dvvljq
d ydoxh wr wkh uvw uhdol}dwlrq ri n lq wkh prglhg surjudp1 Zh ghqh lw wr eh

n

u 3
[
ya3 / ! +un3 ,
 vw 
v@un3

n

u 3
[
v@un3 .4

 vw yv

+;4,

zkhuh un3 dqg un3 duh wkh uvw vzlwfklqj wlphv iru n dorqj wkh ruljlqdo surjudp/
dqg wr suhvhuyh wkh ydoxh ri wkh surjudp zh vhw yun3 / ya3 1 E| frqvwuxfwlrq/
wkh vhtxhqfhv yw dqg yaw qrz vdwlvi| wkh uhtxluhphqwv ri d ghwhuplqlvwlf pxowl0
duphg edqglw sureohp/ dqg khqfh iru hyhu| $/ wkh lqhtxdolw| +8<, krogv1 E|
+;3, dqg +;4,/ wkh h{shfwdwlrq ryhu doo $ 5

vdwlvhv +:9,/ erwk iru d dqg

d
a1 Ilqdoo|/ vlqfh Pl +3, dqg Pl +3 mn , duh rewdlqhg dv glhuhqfhv ehwzhhq wzr
glhuhqw vrfldo ydoxhv/ wkhlu ydoxhv duh dovr suhvhuyhg xqghu h{shfwdwlrqv/ dqg
khqfh d pdujlqdo frqwulexwlrq htxloleulxp h{lvwv iru wkh vwrfkdvwlf mre pdwfklqj
prgho dv zhoo1
51 dqg 61 Wkh sd|r fkdudfwhul}dwlrq iroorzv lpphgldwho| iurp Wkhruhp 5
lq frqmxqfwlrq zlwk Wkhruhp 61
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